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Abstract 

In this paper we define and study Hopf C*-algebras. Roughly speaking, a Hopf C*- 
algebra is a C*-algebra A with a comultiplication <j) : A — > M{A (g) A) such that the 
maps a ® b \— > 4>(a)(l (g) b) and a (g) 6 i— ► (a (g 1)0(6) have their range in ^4 (g) ^4 and are 
injective after being extended to a larger natural domain, the Haagerup tensor product 
A (gift A In a purely algebraic setting, these conditions on (f> are closely related with 
the existence of a counit and antipode. In this topological context, things turn out to 
be much more subtle, but nevertheless one can show the existence of a suitable counit 
and antipode under these conditions. 

The basic example is the C*-algebra Cq(G) of continuous complex functions tending 
to zero at infinity on a locally compact group where the comultiplication is obtained 
by dualizing the group multiplication. But also the reduced group C*-algebra C*{G) 
of a locally compact group with the well known comultiplication falls in this category. 
In fact all locally compact quantum groups in the sense of and (l^] (such as the 
compact and discrete ones) as well as most of the known examples are included. 

This theory differs from other similar approaches in that there is no Haar measure 
assumed. 
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Introduction 



Let G be a locally compact space. Consider the C*-algebra Cq(G) of all complex continuous 
functions on G tending to at infinity. Any abelian C*-algebra has this form. Moreover, the 
topological structure of G is completely determined by the C*-algebra structure of Cq(G). 
This is why an arbitrary C*-algebra is sometimes thought of as 'the continuous functions 
tending to at infinity on a pseudo space' (a quantum space or a non-commutative space). 
In this point of view, the study of C*-algebras is non- commutative topology. 

Now, one can consider extra structure on such a locally compact space, translate this struc- 
ture to the C*-algebra and then formulate it on the abstract level, for any C*-algebra. This 
is the quantization procedure. This paper deals with quantizing the group structure of a 
locally compact group. 

Before we can explain this, we need to recall some results in C*-algebra theory. When 
A is a C*-algebra, we denote by M(A) the multiplier algebra of A. A *-homomorphism 
7 : A — > M(B) for C*-algebras A and B is called non- degenerate if an approximate identity 
in A is mapped to a net strictly converging to 1 in M(B). This is equivalent with the 
requirement that j(A)B is dense in B. In Woronowicz' terminology one would call 7 a 
morphism from A to B. An important property of such a non-degenerate *-homomorphism 
is that it has a unique extension to a unital *-homomorphism from M(A) to M(B). This 
extension is still denoted by 7 and it is defined by 

n f(x) r y(a)b = r y(xa)b 

whenever x G M(A),a G A and b G B. The extension is strictly continuous on bounded 
subsets of M(A). 

Now, let G be a locally compact group. First, we will explain how the group structure 
is translated to the C*-algebra Cq(G). Take / G C (G) and dualize the product in G to 
get a function </>(/) of two variables defined by 4>(f)(p, q) = f{pq) for any p,q G G. This 
function is bounded and continuous. We clearly get a *-homomorphism from Cq(G) to 
Cb(G x G), the C*-algebra of bounded, continuous complex functions on G x G. Now, there 
is a natural identification of Cb(G x G) with the multiplier algebra M(Cq(G x G)) and further 
of C (G x G) with C (G) <S> C (G), the (minimal) C*-tensor product of C (G) with itself. 
Therefore, we may consider <f> : Cq(G) — > M(Cq(G) ® Cq(G)). This *-homomorphism is 
non-degenerate. The associativity of the product in G gives rise to the coassociativity law 
((p ® i)<fi — (i ® (j))(j) of 4>. Here 1 denotes the identity map. And <fi £g> 1 and l ® <fi are the 
unique extensions to M{Cq{G) ® Cq(G)) of the obvious maps on Cq(G) ® Cq(G). 



In definition 2.1, we will generalize this notion and define a comultiplication on a C*-algebra 



A as a non-degenerate *-homomorphism <p : A — > M(A £g> A) satisfying coassociativity: 



It is important to observe that, conversely, any comultiplication on an abelian C*-algebra A 
comes from a continuous associative multiplication of the underlying locally compact space. 
Therefore we will think of a pair (A, <fi) of a C*-algebra A with a comultiplication as a 
locally compact quantum semi-group. 
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Next, consider the identity e of the group. This gives rise to a *-homomorphism e : Cq(G) — > 
C given by e(f) = /(e). The property pe = ep = p for all p G G is expressed in terms of e 
by 

(e«u)0(/) = (*® £)#/) = / 

for all / G Co(G). This naturally leads us to the notion of a counit for a general pair (A, 0). 
A possible definition of a counit is a *-homomorphism e : ^4 — > C satisfying 

(e (g> i)<p{x) = (l ® e)(f)(x) = x 

for all x G A Such a notion makes sense but unfortunately turns out to be too restrictive. 
The typical example to illustrate this comes from a locally compact non-amenable group G. 
Take for A the reduced group C*-algebra C*{G). This carries a natural comultiplication 
characterized by <fi(X p ) = X p (g) X p where A p is left translation by p on L 2 (G), considered as a 
multiplier of C*(G). If e is a counit as above, it should verify e(X p ) = 1 for all p. However, 
as G is not amenable, the trivial representation of G is not weakly contained in the regular 
representation and so there is no such bounded *-homomorphism on C*(G) (see e.g. ||16|| , 
Theorem 8.9). This problem could be overcome by taking the full group C*-algebra C*(G). 
This will create a new problem : the natural candidate for the Haar measure will no longer 
be faithful. This turns out to be more serious. 

Therefore, we will work with another notion of a counit (see proposition |3.9| ), possibly not 
everywhere defined (and unbounded). A *-homomorphism e : A — > C satisfying {s®L)<j)(x) = 
(l (g> e)(j){x) = x for all x G A will be called a bounded counit. 

Finally, consider the inverse in the group. We will see that this is even more problematic. 
Define the map S : Cq(G) — > Cq{G) by (Sf)(p) = fip" 1 ) for all p G G : this map is called 
the antipode. Here it is a *-homomorphism. The properties pp~ x = e and p~ l p = e for all 
peG are translated in terms of the comultiplication 0, the counit e and the antipode S on 
the C*-algebra level into the formulas 

m{L®S)(t>{f)=e{f)l 
m(S ® L)</>{f) =e(/)l 

for all / G Cq(G). Here m denotes the multiplication map, defined from Cb(G x G) to Cb{G) 
by m(h)(p) = h(p,p) when h G Cb(G x G). Observe that m(h) = fg when h — f ®g as then 

m(h)(p) = h(p,p) = f(p)g(p) = (fg)(p) 

for all p G G. 

If we want to formulate all of this for a general C*-algebra A with a comultiplication 0, 
we run into all sorts of problems. First, we need a counit e and this was already a prob- 
lem. Secondly, as we know from general Hopf algebra theory, as soon as we work with 
non-abelian algebras, the antipode S should be an anti-homomorphism, rather than a homo- 
morphism. Furthermore, in the interesting examples, the candidate for the antipode will not 
be a bounded everywhere defined map. This looks similar to the counit being unbounded, 
but it is a different problem. In the example C*(G) with G non-amenable e is unbounded 
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while S is bounded. The unboundedness of S is related with the property that S also need 
not be a *-map. Now, we are using S t and t S for characterizing the antipode and it 
is not clear how to give a meaning to these maps when S is unbounded. But even when S 
were a *-anti-homomorphism, it is not obvious how to define this on the C*-tensor product 
A A and so also not on M(A A). Finally the last problem that we are facing here is the 
multiplication map m. It is in general defined on the algebraic tensor product A A in the 
obvious way. But generally it will not extend to A A and so not to M(A A). That this 
can be done is typical for the abelian case. 

So, it should be clear from the above discussion that there are serious problems with the 
concept of the antipode and (although less serious) with the counit for a general pair of a 
C*-algebra A with a comultiplication <fi. 

This is probably the reason why, up to now, there was not a good notion of a Hopf C*-algebra. 
In the literature, there existed essentially two directions. Some authors already used the 
name Hopf C*-algebra for a pair of a C*-algebra with a comultiplication, see e.g. B, pOj and 



14j| . This is not very appropriate because the antipode is necessary to distinguish a Hopf 
algebra from a bialgebra. In the other approach, the existence of an antipode is assumed. 
In the older literature (e.g. when defining C*-Kac algebras, see || and [pOfl), the map S is 
taken to be a *-anti-automorphism satisfying (j)(S(a)) = a(S S)<p(a) where a is the flip. 
The latter is a property of the antipode in a Hopf algebra but much weaker than the usual 
requirement. This shortcoming was dissolved by imposing an extra condition involving the 
Haar measure. Moreover, from recent examples, we know that it is also too strong to require 
S to be everywhere defined and to satisfy S(a*) = S(a)*. This last difficulty can be overcome 
by using some kind of polar decomposition of the antipode. But still, the basic axiom for S 
is formulated in connection with the Haar measure (see e.g. [fL3l). 

In this paper we propose a solution to this problem. We will start with a pair of a C*-algebra 
A and a comultiplication (p on A. And we will impose extra, but natural conditions on cf> so 
that it is possible to construct a counit e and an antipode S and to give a meaning to the 
usual formulas 



(e i)(f>{a) — {i® £)4>( a ) = a 
m(S i)(j>{a) = m(t S)(j)(a) = e(a)l 

for all a in a suitable subspace of A. 

The approach will heavily rely on the Haagerup tensor product A®h A. We will recall in sec- 
tion 1 the definition and the basic properties. The main reason for using the Haagerup tensor 
product is that it is a natural domain for the multiplication map. Indeed, the multiplication 
m : A A — > A defined on the algebraic tensor product, is a contraction for the Haagerup 
norm and hence extends by continuity to a contraction from the completion A<S>h A. In fact, 
we will need to work with some larger space, denoted by A ® m h A. Elements x in this space 
have the property that (a l)x and x(l a) belong to A 0^ A for all a G A. This will be 
true essentially by definition. This larger space will also be introduced in section 1, where 
we will give its properties needed further in the paper. The basic point is that multiplication 
is now a contraction from this large space A ® m h A to M(A). 
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The conditions on are formulated in terms of the maps 7\ and T 2 defined by 



2i(a<g>6) = 0(a)(l0&) 
T 2 (a0&) = (a® 1)0(6). 

These maps are first defined on the algebraic tensor product A A and have range in 
A® A (by one of the assumptions on 0). Now, it should be no surprise that these maps are 
continuous for the Haagerup norm on A A and hence extend to contractions from A 0^ A 
to A A. The extra requirement is that these extensions are injective. 

Recall that in the case of a Hopf algebra (or more generally, a multiplier Hopf algebra), these 
maps T\ and T 2 are bijective from the algebraic tensor product of the underlying algebra to 
itself. In fact, this is essentially the property characterizing Hopf algebras among bialgebras. 
We obviously have a topological analogue of this condition here. And we will see further in 
the paper why it is precisely the Haagerup tensor product that is natural to use. 

The conditions that we will impose will obviously be fulfilled in our motivating example 
coming from a locally compact group. It will also be possible to verify them in many, if not 
all of the existing examples (see section 5). 

Much of this paper is inspired by the work on multiplier Hopf algebras. In fact, what we 
do here is, to a great extend, consider the different steps in the original development of 
multiplier Hopf algebras (see |2~1||) and try to translate this to the C*-framework. Therefore, 



many formulas in this paper are inspired by their analogues in multiplier Hopf algebras. We 
will sometimes refer to these and use them as a motivation or to illustrate the new formulas 
here. 

However, it is not required to know the work on multiplier Hopf algebras. It is even not 
necessary to know Hopf algebras (although this will of course help in understanding the 
paper). What we do require is basic C*-algebra theory. 

The paper is organized as follows. In section 1 we start by recalling the notion of the 
Haagerup tensor product and its basic properties. We also define a larger space and prove 
the necessary properties needed for the rest of the paper. In section 2 we recall the notion of 
a comultiplication on a C*-algebra A and we explain the extra condition we will need to 
develop the theory of Hopf C*-algebras. In section 3 we prove the existence of the counit and 
the antipode under the given condition. It should be said however that we can obtain this 
from two directions, left and right. In section 4 we treat the construction of the counit and 
the antipode in a 'two-sided' way. We will essentially get a domain on which the left and right 
counits and antipodes will coincide. Finally, in section 5 we will treat many examples and 
thus justify our axioms and our definition of Hopf C*-algebras. Because we will be working 
with the Haagerup tensor product, the theory of operator spaces will be in the background 
throughout the paper although we never require more then elementary results from that 
theory. 

The paper is a slight modification of the first author's masters thesis . The main difference 



lies in the use of another type of generalized Haagerup tensor product. We will say more 
about this in section 2. In principle, the approach here is more general (although we still are 
not sure about this). It is somewhat more natural and in some sense simpler. 
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Let us now finish this introduction and fix some basic notations. We will use (H, A, e, S) for 
a Hopf algebra (or a multiplier Hopf algebra) and in that context, all the tensor products will 
be algebraic tensor products. We will however use for the algebraic tensor product when 
we are dealing with topological spaces (C*-algebras most of the time) and <g> for completed 
tensor products. In particular A <g> A will be the minimal C*-tensor product of the C*- 
algebra A with itself. When we write we will also mean the completed Haagerup tensor 
product (see section 1). We will use t to denote the identity maps. We will identify A ® C 
and C <8> A with A and so slice maps l (g> uj and uj ® i will go e.g. from A <g> A to A (for 
any uj G A*, the norm dual of A). As we mentioned already before, M(A) will denote the 
multiplier algebra of the C*-algebra A and it will be considered both with its norm topology 
and the strict topology making the maps x i— > ax and x t— > xa from M(A) to A continuous 
for all a & A. We have already mentioned the extension property for non-degenerate *- 
homomorphisms. We will also need to extend functionals in A*. It is important for this 
to notice that elements uj G A* are always of the form uj = uj\{- c) = ^(d-) for some 
c,d G A and uj\,uJ2 G A*. It follows that elements in A* have unique strictly continuous 
extensions to M(A). We will sometimes denote uj\{ ■ c) by cuj\ and u 2 (d- ) by uj 2 d. We will 



use the symbol <p to denote a comultiplication on a C*-algebra A (see def. 2A). This will 
be a non-degenerate *-homomorphism from A to M(A ® A) (hence a morphism from ^4 to 
A® A in Woronowicz' terminology) satisfying (</><g)t)0 = (t(g> </>)</>. Then we use the notation 
t^ 2 - 1 = ((f) ® = (i ® 4>)<p- We will use sometimes the leg-numbering notation, as well 
for *-homomorphisms as for operators. So 0i2 will simply denote (j) ® i while 0i3 equals 
012 composed with the flip map between the second and the third leg. Analogously one 
introduces u\ 2 and u% 3 when u is a bounded operator or an element in some tensor product. 

The basic references for C*-algebras are JL5[] and [ lSp . For Hopf algebras we refer to [0J and 
for multiplier Hopf algebras to |2T| . 
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1 The multiplier Haagerup tensor product 

In this preliminary section we will first recall the definition of the Haagerup tensor product 
and its properties we will need further in the paper. For details, we refer to e.g. M, H and 

Let A be a C*-algebra. Denote by A A the algebraic tensor product of A with itself. 
Definition 1.1. The Haagerup tensor product on A © A is defined by 



n . ,„ n -, /„ n 



\ x \\h 



inf{||j^RP* |y^g*gj n G N,x = ^Pi ® g*} 

i=l i=l i=l 
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So, the infimum is taken over all the possible representations of x in A A. One can prove 
that this is indeed a norm. The completion of A A with respect to this norm will be 
denoted here by A 0^ A. 

Let now / be an index set and suppose that (piji^i and (qi)iei are families of elements of 
A such that the nets ^2 ieI PiP* and ^2 ieI q*qi are norm convergent in A. Then the net 
YliieiPi ® Qi w * u be norm convergent in A 0^ A. This is quite easy to see, because for I C I 
and Iq finite we have 



»6ib 



< 



It is clear that 



iei 



iei 



It is also possible to prove a converse of this statement: every element of A 0^ A can be 
written as such an infinite sum. We do not go into this because we will not need this result. 

Quite often we will extend maps defined on the algebraic tensor product A A to A <S>h A 
by showing their continuity. We will use the following obvious lemma (see also lemma |4[ 

Lemma 1.2. Let B be a C* -algebra and Pi, qi G B for % — 1, . . . , n. Then 



PiQi PiP i 1 1 | \Y1 q i qi 



Now we prove the following crucial result. 

Proposition 1.3. The inclusion of AqA in A® A is a contraction for the Haagerup norm 
on A QA and can be extended uniquely to a contraction from A®h A to A® A. This extension 
is injective. 



Proof. When pi , q± G A we have by the previous lemma 



2 i I 2 i I 

J^Pi^qi = ^(^0l)(l0gi) <E 



i=l 



i=l 



,PiPi 



i=l 



n 
i=l 



So we can extend the inclusion of A © A in A A to a contraction j from A 0^ A to A A. 
Now we have to prove the injectivity of j. Suppose j(x) = for x G A 0^ A. Then we 
have {uj /j)(x) — (u = for all w,/t 6 A*. Because the inclusion of A 0^ A in 

(A* 0^ A*)* is completely isometric (see e.g. J7|), we may conclude that x = 0. ■ 



From now on we will identify A 0^ A with a dense subspace of A A. 



From lemma [L^ follows immediately the following result. 

Proposition 1.4. The multiplication map m : p q i— > can 6e uniquely extended to a 
contraction from the Haagerup tensor product A 0^ A to A. 
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We know that the slice maps t ® to and uj (g> i are continuous from A ® A to A and that the 
norms of these slice maps are majorized by ||u;||. This is of course also true for the restriction 
of these slice maps to A ®h A. More generally, let A, B and C be C*-algebras. When 
T : A — > B is a so-called completely bounded map, then the map T ® i from A © C to B © C 
is bounded for the Haagerup norm. Its norm is majorized by ||T|| C &, the completely bounded 
norm of T. For this we refer to the discussion in the beginning of section 4. Examples of such 
completely bounded maps are slice maps uj® l from the C*-algebra B © A to the C*-algebra 
A, or *-homomorphisms between C*-algebras. 

As a special case of this (but that is of course more easy to see) we have that the maps 

x \— > x(l © a) and x i— > (a © l)x 

are bounded from A ®/, A to itself with norms majorized by ||a||. This, together with the 
following lemma will be the starting point for the introduction of a larger space, the so-called 
multiplier Haagerup tensor product. 

Lemma 1.5. // (e\) is a bounded approximate identity in A, then x(l © e^) — > x and 
(e\ © \)x — > x in A®h A for all x E A ©^ A. 

Proof. It is sufficient to do this for elements in AQ A. If x = Y^iPi®^ then x — x{l®e\) = 
J27=iPi ® - e A) and so 



|x-x(l®e A )|| h < J^PiP- - e* x )q*qi(l - e x 



1/2 I 



1/2 



i=l i=l 

and this last expression will tend to 0. ■ 

We will now introduce the multiplier Haagerup tensor product A ® m h A. The way we will 
do this here is different from |TJ|. In principle we get a larger space, although we are not 
completely sure about that. In any case, this new approach seems to be somehow more 
natural. We define A <S> m h A in a way which is very similar to the definition of the multiplier 
algebra M(A eg) A) of A <g> A. We will see later in the next section why this is natural. In 
fact, this should also become clear from certain properties that we will prove already here. 

Definition 1.6. Denote by A ® m h A the space of pairs of maps (pi, p%) from A to A®h A 
satisfying (a ® l)pi(6) = /02(a) (1 <8> b) for all a,b G A. 

We clearly have A®hA sitting in A ® m h A by putting pi(a) = x(l ® a) and ^2(0) = (a <8> l)x 
where x 6 A ®h A and a & A. We also have an imbedding as x(l (8> a) = for all a will imply 
s = by the previous lemma. 

We will now show that A ® m h A carries a norm such that this space is complete and contains 
A ®h A isometrically. 

Proposition 1.7. Let x = (p\, P2) £ A® m hA. Then pi and p^ are bounded and \\pi\\ = WfoW- 
Further \\x\\ := ||pi|| = \\p2W defines a norm on A ® m h A for which this space is complete. 
Moreover, the imbedding of A®h A in A ® m h A described above is isometric. 
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Proof. We will first show that the maps p\ and p 2 are closed. Take a n G A and assume that 
a n — > a in A and p\ (a n ) — > x in A ® h A. Then for any b G A we have 

(6® l)a: = lim(6® l)pi(a n ) 

n 

= limp 2 (fo)(l <g> a n ) 

n 

= p 2 {b){l®a) 
= (6® l)pi(a). 

Then a; = pi (a). By the closed graph theorem we have that p\ is bounded. Similarly p 2 is 
bounded. Now, because of lemma II. 51 we have 



||pi|| = sup{||pi(o)|| h | ||a|| < 1} 

= sup{||(6®l)pi(o)|| A | || « || < 1,||6|| < 1} 
= sup{||p 2 (6)(l®a)|U | \\a\\ < l,\\b\\ < 1} 

= I|P2||- 

As for x G A ®h A we have \\x\\h = sup{||x(l ® a)\\h \ \\a\\ < 1} we get that the imbedding 
of A A in A ® m h A is isometric. 

Finally we show that A ® m h A is complete. Take a Cauchy sequence (x n ) in A ® m / l A. Write 
%n = {pinip2n)- Then (pi n (o))n and (p 2n {a)) n are Cauchy sequences in A®hA. They have 
limits and we get maps (pi,p 2 ) defined by the pointwise limit. Obviously they still satisfy 
(a ® l)pi(b) = p 2 (a)(l ® b) for all a, 6 G A. By a standard technique we get that p ln — ► pi 
and p 2n — » P2 also in norm. This completes the proof. ■ 

Further we will write x(l ® a) for pi(a) and (a ® l)x for p 2 (a), when x = (pi,p 2 ) for any 
x G .A(g> m kA This notation is compatible with the relation between pi and p 2 (now expressed 
as associativity), with the imbedding of A ®/j A in A ® m h A and with the norm properties. 
Moreover, we can justify this notation even further because we have the following result. 

Proposition 1.8. The inclusion j : A ®^ A — > A ® A can be uniquely extended to a con- 
traction from A ® m h A to M(A ® A), still denoted by j , such that 

j(x)(l ® a) = j(x(l ® a)) and (a ® l)j(x) = j((a (g) l)x) 

for all x G A ® m / l A and a G A. Also this extension is injective. 

Proof. Take x G A ® m h A. As x(l <g> a) Gi^jiCi^iwe can clearly define a left 
multiplier from A © A to A © A by x(6 © a) = x(l © a) (6 1). We will show that this is 
bounded and therefore extends to a left multiplier from A® A to A® A. To see this, take a 
bounded approximate unit (e\) of A and observe that 

n n 

(e A ® l)(x(^2bi® Oi)) = ((e A ® l)z) 6i ® o< 

i=l i=l 
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Now \\(e\ <S> < ||(eA <E> l)x || ^ < and so 

n n 

i=i i=i 

Similarly, x defines a bounded right multiplier of A <g> A And obviously ((a ® 6)x)(c <8> <i) = 
(a <g) 6)(x(c ® d)) so that indeed x G M(A (g) A). ■ 

From now on we will identify A <S> m h A with a subspace of M(A ® A). So we have A ® rn h A 
in M(A <S> A) and now x(l ® a) makes sense in M(A ® A). In fact we get the following 
characterization. 

Proposition 1.9. If x G M(A ® A), £/ien x e A ® mh A if and only if x(l ® a) E A ® h A 

and (a <E> l)x G A <S>h A for all a G A 

It is clear that we could also have started with this property to define A ® m h A from the 
beginning as sitting in M (A <g> A). 

Now, very often, we will need to extend maps from A ® h A to A ® m h A. The first example 
we have in mind is multiplication : 

Proposition 1.10. The multiplication map m can be extended uniquely to a contraction 
from A ® m h A to M(A) satisfying 

m(x)a = m(x(l <8> a)) 
am(x) = m((a <S> l)x) 

when x & A ® m h A and a G A 

Proof. Now, if x G A <g> mh A we can define two maps from A to A by 

a I— > m(x(l <E> a)) 
a i— > m((a <g> l)x) 

where we use now m for the multiplication from A <g> h A to A Because 

am(i(l ® b)) = m((a <S> l)x(l <S> b)) 
= m((a<S> l)x)b 

this pair of maps gives an element in M(A). m 

This is the kind of technique we will be using, but it is good to know what is really behind. 
This is what we will explain now. 

Definition 1.11. By the strict topology on A <S) m h A we mean the locally convex topology 
given by the semi-norms x \— > ||x(l ® a)\\h and x i— > \\(a<S> l)x\\h for a G A 

We have the following density result. 
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Proposition 1.12. When x G A ® m h A and (e\) is a bounded approximate identity in A, 
then x(l ® e\) — > x and (e> <S> l)x — > x strictly. 

Proof. Take a G A and observe that (a <8> l)(x(l ® e*)) = ((a (g> l)x)(l ® e,\) — > (a- <8> l)x in 



®^ v4 (lemma |1.5|). On the other hand also x(l ® e,\)(l <8> a) = x(l ® e\a) — ► x(l ® a) as 



eAfl — > a in norm in A. ■ 

It follows that the unit ball of A®^A is strictly dense in the unit ball of A® m hA. Therefore to 
extend maps one can show that they are continuous for the strict topology on bounded sets. 
Such is e.g. the case for the multiplication map. In fact, m as defined in |1.10| from A ® m h A 



to M(A) is continuous when both spaces are taken with the strict topology. From the proof 



of proposition [O] also follows immediately that the inclusion of A ® m h A in M(A ® A) is 
strictly continuous on bounded sets. 

Also slice maps are naturally defined on A ® m h A: 

Proposition 1.13. Let w G A*. The maps uj®l and l®uo from A®h A to A extend uniquely 
to strict-norm continuous maps from A ® m h A to A satisfying 

a(uo ® i)(x) = (u> <g> t)((l <g> a)x) and {lo <8> t)(x)a = (uo ® i)(x(l ® a)) 

and satisfying analogous formulas for . The norms of these maps are majorized by ||u;||. 

Remark that we mean by strict-norm continuity from A ® m h A to A continuity when A ® m h A 
is equipped with the strict topology and A with the norm topology. 

Proof. This is quite easy to see. We look at the case of uj <S> l. Then the formulas in the 
proposition define an element in M(A). Now write u = pb with \i £ A* and b 6 A and 
observe that (uj ® l)(x) = (/j, ® i)((b ® l)x) G A. This gives the result. ■ 

There is one more result on this space we will need. 

Proposition 1.14. The map V : p®q — > q*®p* extends to an isometry of A® m hA satisfying 

r(x(l ® a)) = (a* ® l)T(x) r((a ® l)x) = r(x)(l ® a*) 

/or x <E A ® m h A and a G A T/ie map r is a homeomorphism for the strict topology on 
A ®mh A. 

Proof. First we need to verify that V leaves the Haagerup norm invariant. This is more or 
less straightforward. Then V is extended to A £g>h A. Finally the formulas in the proposition 
will yield the extension of V to A ® m h A and also show the strict continuity. ■ 

The following property of A® m hA will not really be needed. One can show that A® m hA sits 
in the extended Haagerup tensor product A ® eh A as defined in [Q . It follows that elements 
in A ® m h A can be written in the form YlPi® Qi with YlPiPi an d X] QiQi weakly convergent 
to some elements in the double dual A**. The sum ^Pi® qi is now convergent in the von 
Neumann algebra tensor product A**® A**. 

This takes us to the following natural subspace of A ® m h A. 
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Proposition 1.15. Let (pi),(qi) be families of elements of A such that the ^2 ieI PiP* and 
^2i£iQ.iQ.i converge strictly and remain bounded in M(A), then the net J2ieiPi®Qi converges 
strictly to an element in A ® m h A. 

Proof. Let a G A. Then the net apip*a* is norm convergent, and the net ^2 i&I q*qi is 
bounded. So, just as in the remark after definition |TT] you get that the net 

is norm convergent in A ®h A. We denote the limit by p2{a). Analogously we define 

Pi (a) = ^2 Pi ® fta- 

Then it is clear that x = (pi, p 2 ) belongs to A A, and by definition the net J^ieiPi ® ^* 
converges strictly to x. ■ 



In jl9[ , the present theory has been developed using this subspace of A ® mh A. We do not 
know whether this subspace is the whole of A ® m h A or not. 



2 Hopf C*-algebras 

As before, let A be a C*-algebra. We consider the minimal C*-tensor product A <S> A of A by 
itself. Let be a non-degenerate *-homomorphism of A into the multiplier algebra M(A® A) 
of A® A. Denote by t the identity map of A and consider the maps L®<p and 0<8)i from A® A 
to M(A ® A ® A). They are again non-degenerate and therefore have unique extensions to 
*-homomorphisms from M (A ® A) to M(v4 £g> A <g> A). These extensions will still be denoted 
by i <S> and (gu. 

Then we are ready for the following definition. 

Definition 2.1. ^4 comultiplication on a (7 -algebra A is a non- degenerate * -homomorphism 
<j)\ A — > M(A <g> A) suc/i i/iai (0 <g> t)0 = (4 <g> 0)0. 

The condition of coassociativity, namely (0C*H)0 = (t®0)0, is given a meaning by extending 
® i and t ® to M(A ® A) as above. For this it is necessary to have non-degenerate. 

The above conditions are satisfied in the following basic example. 

Proposition 2.2. Let G be a locally compact semi-group. Let A be the C*-algebra Cq(G) of 
continuous complex functions on G tending to at infinity. Then defined by <j)(f)(p,q) = 
f(pq) when f G C (G) andp,q G G, is a comultiplication on A. 

Proof. First observe that A ® A is naturally identified with C (G x G) and that M(A (g> A) 
is hence identified with Cf,(G x G), the C*-algebra of bounded continuous complex functions 
on G x G. Therefore, as defined in the formulation of the proposition is a map from 
A to M(A ® A). It is clearly a *-homomorphism and it is not hard to show that is 
non-degenerate. The coassociativity comes from the associativity of the product in G. ■ 
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It follows that we can think of a pair of a C*-algebra A and a comultiplication <f> on A as a 
locally compact quantum semi-group. Now, as already explained in the introduction, it is 
not at all clear how to impose extra conditions in order to get a locally compact quantum 
group. One cannot simply require the existence of a counit and an antipode. 

The most ambitious project would be to look for extra conditions that are easy to verify in 
special cases (such as the locally compact groups) and nice non-trivial examples and such 
that a theory can be developed along the lines of locally compact groups. In such a frame, 
the existence of (the equivalent of) the Haar measure would be one of the main results. It 
seems however that such an objective is still far out of reach. 

All the known existence proofs for the Haar measure in the classical case seem to fail in the 
non-commutative setting (except for special cases like the compact and the discrete quantum 
groups). Therefore, it is quite acceptable to develop a theory where the existence of the Haar 
measure is assumed. After all, just as in the classical case, also in the quantum case the 
Haar measures are simply there. From this point of view, the uniqueness property is at least 
as important. 

Such a theory has now, very recently, been developed and the results are very satisfactory. 



In JTT| and | I2| , a pair (A, </>) of a C*-algebra with a comultiplication is called a locally 
compact quantum group if the spaces 4>{A) (1 <S> A) and (A ® 1)0(^4) are dense in A ® A and 
if there exist 'good' left and right Haar measures. Remark that these density requirements 
correspond in the classical case (with A abelian) with the cancellation law. Also observe 
that in case A has an identity, the density conditions are sufficient to prove the existence of 
a Haar measure. This gives the theory of compact quantum groups. But of course, this will 
not be enough in general (when A has no identity). 

Nevertheless, the question remains what is a good notion for a counit and an antipode in this 
context. In fact, these notions do play an important role in the theory of locally compact 



quantum groups of Moreover, it is worthwhile to develop such notions independently 



of the existence of Haar measures. This is what we will do further in the paper. And to 
distinguish from the theory of locally compact quantum groups with Haar measure, we will 
call the objects we get here Hopf C*-algebras. This name is appropriate for a C*-algebra with 
a comultiplication, a counit and an antipode. Cfr. the discussion concerning this terminology 
in the introduction. 

To see what extra conditions might be natural, let us think of the theory of Hopf algebras. 
If (H, A, e, S) is a Hopf algebra, then the maps T\, T 2 , defined on H <g> H by 

T x {a®b) = A(a)(l<g>6) 
T 2 (a®b) = (a® 1)A(6) 

are bijective. The inverses are given in terms of the antipode by 

T{\a ®b) = {{l ® 5)A(a))(l <g> b) 
T 2 - X (a <g> b) = (a ® 1)((S ® 1)A(6)). 

In multiplier Hopf algebra theory, the bijectivity of these maps was the starting point from 
which the counit and the antipode where constructed (see pi|). 
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If we want to develop a C*-algebra theory in this direction, it is more or less obvious what 
we have to do : we need to require that the maps Ti and T 2 above have dense range in A (g A 
and that proper extensions are (still) injective. 

The abelian case here is very misleading. If A = Cq(G) with G a locally compact group, 
then the maps Ti and T 2 extend to *-isomorphisms of A ® A given by (Tif)(p, q) = f(pq, q) 
and (T 2 f)(p, q) = f(p,pq) when / G Cq(G x G) and p,q G G. This is not at all the case in 
general where e.g. Ti and T 2 will not even be bounded (the reason being that multiplication 
is no longer bounded on A (g A with the C*-norm). 

Fortunately, as we have seen in the previous section, multiplication is continuous for the 
Haagerup norm. And it is precisely that property of the Haagerup norm that allows the 
following result which is the starting point in the development of our notion of a Hopf 
C*-algebra. 

Proposition 2.3. Let (A, <f>) be a pair of a C* -algebra and a comultiplication such that 
(j)(A)(l®A) and <j)(A)(A®l) are subspaces of A® A. Then the maps Ti andT 2 defined from 
AQ A to A® A by 

T x {a ® b) = <j>(a)(l ® b) T 2 (a ®b) = (a® 1)0(6) 

are contractive from A A with the Haagerup norm to A® A with the C*-norm. We use 
the same symbols T\ and T 2 to denote the extensions to A <S>h A. 



Proof. Take x G A © A and write x = J^™ =1 p% <g q%- By using lemma L2 we get 

n 

\\Ti(x)\\ = ||X>(Pi)(l®gi)|| 



i=l 



1 1/2 



< || Yl tfaPi) || Stfft 

i=l i=l 



1/2 



< 



IE 



PiPi 



1/2 I I 1/2 



1=1 i=i 

So we can conclude that ||Ti(x)|| < ||x||^. Analogously ||T 2 (x)|| < ||x||^. 



We see that we use essentially the same argument as in the proof of proposition |1.4| where we 
show that multiplication is contractive. This is no surprise as we can write Ti = (t(8>m)(</><g>t) 
and T 2 = (m ® (g) 0). Remark that the order of a and b is important (the Haagerup 
norm is not symmetric, i.e. not invariant under the flip). This means that a map like 
a (g> b 1— > (1 <g) b)<j)(a) will in general not be continuous for the Haagerup norm, but a map like 
a <g) b 1— > (1 (g) a)<p(b) will be. We will use this last map also in section 3. 

Then we are ready for the main definition. 

Definition 2.4. Let (A, <fi) be a pair of a C* '-algebra A with a comultiplication cf) such that 
<f)(A) (1 (g A) and <fi{A) (A (g 1) are subspaces of A® A. We call this pair a Hopf C* -algebra 
if the maps T\ and T 2 as defined above, are injective on A <S>h A. 
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As we have said before, the injectivity of 7\ and T 2 on A <S>h A is obvious in the case of 
A = G (G) with G a locally compact group (where we have much stronger properties). But 
what is rather striking is that also conversely, all abelian Hopf C*-algebras are of this form. 
We even have the following stronger result. 

Proposition 2.5. Let (A, <fi) be a pair of an abelian C* -algebra A with a comultiplication <fi 
such that 4>(A) (1 ® A) and 0(A) (A <g> 1) are subspaces of A® A. Assume further that 

4>(a)(l <S> b) — implies a <g> b = 
and 4>(a)(b <E> 1) = implies a® 6 = 

/or a// a, 6 G A T/ien t/iere exists a locally compact group G such that A = Cq(G) and <fi is 
given by 4>(f)(p,q) = f(pq) for allp,q G G (G) under this isomorphism. 

Proof. It is clear by the Gelfand-Naimark theorem that there exists a locally compact space 
G and a continuous associative binary operation on G such that A = Cq(G) and such that <fi 
is given by the formula above under this isomorphism. We will prove now that G is a group 
and that the inverse is continuous. 

First choose a non-empty open subset V of G. We claim that the set {rs | r G G, s G V} 
is dense in G. Indeed, suppose that it is not dense. Then there is an element / G Cq(G) 
such that / 7^ but f(rs) = for all r G G and s G V. Choose an element g G Cq(G) such 
that g 7^ and such that g has support in V. Then f(rs)g(s) = for all r,s <E G. Hence 
(f>(f)(l <8> (/) = and by assumption we may conclude that / = or g = 0. So we get a 
contradiction and this gives the claim. 

Now let s,t G G. For any pair a = (V, W) of open neighborhoods of s and t respectively, 
we have, by the property above, points r a G G, s a G V and t a E W such that r a s a = t a . 
These pairs of neighborhoods give an index set / when ordered by opposite inclusions. By 
definition the net (s Q ) converges to s and (t a ) to t. 

For every /, g G Co(G) we have 

(0(/)(l ® o))(r a , s a ) = f(r a s a )g(s a ) = f(t a )g(s a ) 

and this converges to f(t)g(s). Now choose / and g such that f(t)g(s) ^ 0. Because 
0(/) (1 ® o) G Co(G x G) by assumption, we can take compact sets K\ and K 2 such that 
|0(/)(1 <S> g)\ is smaller then ||/(t)<7(s)| outside K\ x X 2 - Then, for a large enough, we will 
have | (</>(/) (1 ® o))(r a , s a )| > ||/(t)^(s)| and so r a G ATi. Then we can find a subnet of (r a ) 
that converges to a point r. Hence we find r e G such that rs = t. 

Because s, £ G G were chosen arbitrarily we get Gs = G for all s E G. By symmetry we also 
get sG = G for all s G G. Then it is an easy exercise to prove that G is a group. In particular 
we have the cancellation property. Therefore the linear span of {</>(/) (1 ® g) \ /, g G Co(G)} 
is a *-subalgebra of C (G x G) that separates points of G x G and hence is dense in G (G x G). 
Now for any /, g G G (G) the map 

s ^ (0(/)(l ® <7))(s-\ s) = /(s^s^s) = /(e)o(s) 

is continuous. By density we get that the map s i— > f(s^ 1 )g(s) is continuous for all /, g G 
G (G). From this it follows that s i— > s _1 is continuous and that concludes the proof. ■ 
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This proposition is one reason for not assuming the density of the ranges of Ti and T 2 in 
the definition of a Hopf C*-algebra, which is a little surprising after the discussion we have 
had. Another reason is that on the one hand we do not need these density conditions for 
the development of our theory, while on the other hand we will formulate another density 
condition that will be stronger. We will come back to this in section 3. 

A problem with the notion of a Hopf C*-algebra is that injectivity on this completed space 
A®^ A may sometimes be hard to verify. We will however give techniques to do this in 
section 5, where we treat examples and special cases. There we will see that we do get Hopf 
C*-algebras in most interesting cases. 

Now we need also the extension of Ti and T 2 to A ® mh A. The proof that these extensions 
exist, is essentially similar to the fact that also multiplication can be extended to A <g> mh A. 

Proposition 2.6. The maps Ti andT 2 can be uniquely extended to contractions from A® m h 
A to M(A <g> A) satisfying 

Ti(V)(l <g> a) = Ti(x(l <g> a)) and 0(a)Ti(x) = Ti((a <g> l)x) 

(a® l)T 2 (x) = T 2 ((a® l)x) and T 2 (x)0(a) = T 2 (x{\ <g> a)) 

whenever x G A ® m(i A and a G A. These extensions are still injective and they are strictly 
continuous on bounded sets. 

Proof. The injectivity of the extensions is an immediate consequence of these defining for- 
mulas. If e.g. Ti(x) = for x G A <S> m h A, then x(l <8> a) = for all a G A by the injectivity 
of Ti on A ® h A and hence x — 0. So it essentially remains to show that the above formulas 
yield maps into M(A <g> A). 

So, let x G A ® mh A. We define a left multiplier from A A to A <g> A by Ti (x) (b <g> a) = 
Ti(x(l <S> o))(b <8> 1). When (e A ) is an approximate identity in A, we have 

n n 

0(e A )Ti(a;) h ® a,) = 0(e A ) Ti(a;(l ® a i ))(6 i ® 1)) 
i=i i=i 

n 

= ^Ti((e A <8> l)x(l Oi))(6i ® 1) 

i=l 

n 

= Ti((e A ®l)x)^ fti^Oi). 

i=i 

This implies that 

n 

< ||(e A ® l)a;|| h ® a * 

i=l 

n 

< \\ x \\h ||y^^ <8> 
i=i 



n 

0(e A )Ti(a;)(j]6 i (8)a i ) 

i=l 
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Taking the limit we get 



n n 

T i( x )(^2bi<g) a^J < \\x\\ h ||y^^ ® eg 

i=l i=l 

This shows that we have a left multiplier of A <g> A with norm less than \\x\\h- Similarly, we 
define 7\ (x) as a right multiplier by 

n n 

(J2( a i ® k^c^T^x) = J^i^ ® h)Ti{{ci <g> l)x). 



A similar argument as above, by looking at x(l<S> e\), together with the non-degeneracy of 
0, will give that T\{x) is also a bounded right multiplier oi A® A. 

Hence T±(x) G M(A <g> A) and ||7i(x)|| < From the formulas above it follows immedi- 

ately that Ti extended to A ® mh A will be strictly continuous on bounded sets. We can give 
a similar argument for T 2 . m 



3 The left counit and antipode 

Now let A be a C*-algebra with a comultiplication <fi satisfying the assumptions of the 
previous section, making (A, <fi) a Hopf C*-algebra. So, the maps T\ and Ti defined from 
AQ A to A® A by Ti (a® b) =0(a)(l<g>6) and T 2 (a ®b) = (a ® 1)0(6) have ranges in A® A 
and their continuous extensions to A ®h A are injective. Again as in the previous section, 
we consider their extensions to A ® m h A, still using the same symbols. These extensions are 
still injective. Now the range is in M(A ® A). Recall that the maps Ti, T 2 from A ® m h A to 
M(A <S> A) are strictly continuous on bounded sets. 

We will now first define a candidate for the domain of the counit and the antipode. 

Notation 3.1. Let A be the space of elements a G A such that there is an element x G 
A ® m h A satisfying a <g) 1 = T x x 

In case A = Cq(G) with G a locally compact group, it is possible to show that A is dense. 
Also for compact and discrete and more generally locally compact quantum groups this is 
the case. We will prove these things in section 5. However, without further assumptions, it 
seems that nothing can be said about the size of Aq. Nevertheless it is immediately clear 
that the density of Aq implies that 4>{A) (1 <g> A) is dense in A ® A, so that we will have to 
assume at least that to get A dense in A. 

We will not get more elements if we would allow a G M(A). Indeed, if a G M(A) and 
x G A <S> m h A satisfy a <S> 1 = T±x, then a®b = (Tix)(l <S> b) — Ti(x(l <E> b)) which belongs to 
A ® A for all b G A and this will imply a G A. 

It is obvious that A is a subspace of A. But we have more : 
Proposition 3.2. A is a subalgebra of A. 
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Proof. We first make some introductory remarks. Let x = YTj=i r j ® s j an d V — YlT=i Pi ® 9» 
be elements of A A. Define 



M(x, y) = ^2 r i pi ® * s 



J- 



Then we have 



|| M(a;,y) || £ < ||X/i^* r i|| ||X! s i^ ftS j|l 

^ \\J2p^\\ llz^i lE^II IE 



From this we can conclude that ||M(x, y)\\h < II^IU ||y|U> an d we extend M to a contraction 
from (A (8)/! A) x (A0 ft A) to A0 ft ^4 by continuity. If now y E A0 m /j74 and x = YTj=i r j® s i e 
A A, we define, consistently with the previous notation if y E A ® h A 

n 

M(x, y) = ^(r,- l)y(l sA E A ® h A. 

3=1 

Then we have, with (e^) an approximate identity for A 

n 

\\M(x, y)\\ h = limllyVj 1)2/(1 e A s,) = lim ||M(x, y{l e x ))\\ h < \\x\\ h \\y\\ h . 

A 1 1 ' h A 

J'=l 

So again we can extend M to a contraction from (A 0/j A) x (A ® m h A) to ^4 0/j A. If finally 
x,y £ A ® rn h A we define z E A ® m h A by 

z(l c) = M(x(l c),y) (c l)z = M((c l)x, y) 

for all c E A. Suppose now a,b G A . Take x, y G A m ^ A satisfying Ti(x) = a 1 and 
Ti(y) = 601. Put z = M(x,y). Then we have z E A ® mh A and we compute Ti(z). Let 
c G A. Then 

T 1 (z)(l®c)=T 1 (z(l®c))=T 1 (M(x(l®c),y)). 

If p, q E A we have 

Ti(M(p g, y)) = l)j/(l <?)) 

= 0(p)Ti(j/)(l<g>g) = 0(p)(l ®q)(b® 1) =T 1 (p® ? )(6®l). 

By continuity we may conclude from this and the previous formula that 

Ti(Y)(l c) = Ti(x(l c))(6 1) = (a c)(6 1) = ab c. 

So we get Ti(z) = ab 1 and hence ab E A . u 
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Next, we need to work with the map 

ip :p®q\-> 0i3 (p) </>2 3 (?) 

from A A to M(A A A) where we use the common leg numbering notation : 0i3(p) 
stands for 0(p) sitting in the first and third factor, while 023 (?) is simply 1 0(p). We first 
extend this map to A 0^ A : 

Proposition 3.3. TTie map ip is continuous for the Haagerup norm and extends to a con- 
traction from A ® h A to M(A A A) . 



Proof. This is analogous to the proof of proposition lA. Just remark that by lemma 1.2 



n 
i=l 



Pi ft 



llv^ II 

1=1 

n n 

< ^ 013 (PiP*) E^ 23 ^* 



< 



n 

IE 



i=l 



n 

E#* 



So we get ^(a^H < \\%\\h for all x G A A and that proves the result. ■ 

We can say more about this map, but before we give the proof of the next proposition we 
need the following lemma. 

Lemma 3.4. Let x G M(A A) such that (l u)(x) G A and (l uo)(xx*) G A for all 
uj G A* . Let A act on a Hilbert space H , £ G H and let (r]i) i( zj be an orthonormal basis for 
H. Then the increasing net in A + 

® u vU ){x)(l ® u m>i )(x)* (1) 
is norm convergent in A with limit (l uj^^)(xx*). 

Remark that we use the notation oj^ iV for the vector functional given by u^ v (a) = (a£, rj). 
Proof. Choose uj G A*,. Let it be the universal representation of A on the Hilbert space K. 



Take p G K such that oj{x) 



x)) for all x £ A. Let (pj)j£j be an orthonormal basis 



for K. Let Jo be a finite subset of /. Then we have 



ielo 
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So the increasing net of positive numbers 



ieJ 



converges to 

||(7r® t)(x*)(p<g>C)|| 2 = Lo a ){xx*)). 

Now we can apply Dini's theorem to the compact Hausdorff space {uj G A* + | ||a;|| < 1}, 
and the increasing pointwise converging net of positive continuous functions on it given by 
formula III. So we get uniform convergence of this net and hence the lemma follows. ■ 

Proposition 3.5. For all uj G A* and x G A ® h A we have that (l® Kg) u))ip(x) G A ® h A 
and 

|| (i <g> l <g> u)ip(x)\\h < \\uj\\ \\x\\h- 

Proof. By continuity it is enough to verify this for x G A © A. So let x = Y17=i Pi ® & an< ^ 
choose uj G A*. Let A act on its universal Hilbert space H and take vectors £ and rj in H 
such that uj = uj^ tV and ||u;|| = ||£|| \\rj\\. Let (7j)jeJ De an orthonormal base for i7. By the 
previous lemma we get that for every i = 1, . . . ,n the net 



is norm convergent in A with limit (t (g u v ^)(j)(pip*). Using the remark after definition |0 
we may conclude from this and an analogous statement for the second leg that 

© u yjiV )<f>(jai) © (t © w e , 7j . )</>(&) G A ®^ A (2) 
with norm convergence. The norm of this element is majorized by 



1/2 



1/2 



i=l i=l 

Because the net in ^| is also norm convergent in A © A with limit 



)X L ® 6 ® w ?,»?)( ( / , 13fe)023(^)) = (*•©<-© U))l()(x) 



1=1 

the result follows. 



Now we extend ip to A ® m h A by strict continuity: 
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Proposition 3.6. The map ip can be extended uniquely to a contraction from A ® m h A to 
M(A <g> A ® A), still denoted by if), such that for all x G A ® m h A and a £ A 

^(x)(j)23(a) = ip(x(l ® a)) and (j)i 3 (a)ip(x) — ip((a ® l)x). 

This extension is strictly continuous on bounded sets. For every oj G A* the map 

X I— > (i ® i Cg) u)i[)(x) 

maps A® m hA into A® m hA, is bounded with norm majorized by ||o;|| and is strictly continuous 
on bounded sets. 

Proof. The extension of ip to A ® m h A is completely analogous to the extension of the 
maps T\ and Ti. If x G A ® m h A we can obtain if)(x) as a right multiplier by putting 
(a ® 6 <g> c)0i3((i)-?/'(x) equal to (a <8> b (g> c)if)((d <S> l)x). One shows just as in the proof of 
proposition |2.6| that we obtain a bounded right multiplier of A <g> A <g> A this way. In a similar 
way we define a bounded left multiplier. This gives us the extension of ijj. 

Now write for every u G A*, x E A® h A and u E A® A 

R(u, x, u) — (t (g) i ® o;)(mi3^(x)). 

At the moment we only have x, it) G M(A <g> A). We claim that R(u, x,u) E A ®h A 
and 

\\R(u,x,u)\\ h < \\u\\ \\x\\ h \\u\\. (3) 

When x = Y^H=iP i ® wnen ^ acts on a Hilbert space if with uj = lo^ v , = ||£|| \\rj\\ 
and when (7j)jej is an orthonormal basis for H, then we have as in the proof of the previous 
proposition 

R(u,x,u) = ^J(a <g> u lj<n ){u(j){jpi)) ® (l ® U£ aj )(<f)(qi)) 
with norm convergence in A 0^ A Further we get 



1/2 



1/2 



\\R(u,x,u)\\ h < \\tj\\ \\u\\ ll^PiP- ||£|| 

i=l i=l 

This proves our claim that i2(w, x,u) E A® h A and also proves inequality [}[ 
Now let w G i G i (g mh A, m G A <g> A and a G A. Then 

(t ® t (g u;)((w0(a))i3?/;(a;)) = (t ® t ® w)(tt 13 V((a ® !)»)) G A tgi^ A 

and 

t®w)((ti0(o))i3^))IU = ||i2(w,(o(8) l)ar,u)|U 

= lim \\R(u, (a <g> l)x(l g> e x ),u)\\ h 

A 

= lim (g> e A ),u0(a))|| /l 

A 

< llwll llxIL ||#(a)||. 
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Because <j) is non-degenerate we may conclude that for uj £ A*, x £ A ® m h A and u & A® A 
we have (t ® t ® ^(^^(a;)) We still denote this element with R(u, x, u) and we 

have 

\\R(uj, x, u) || h < \\u\\ \\x\\ h \\u\\. 
From the formulas above we can also conclude that for every uj £ A* and w £ A ® yl the map 

x i — > i2(w, x, m) 

is strict-norm continuous on bounded sets from A ® m h AtoA®h A. 

Finally let u £ A* and x £ A ® mh A. Write uj = fib with /i £ A* and b <E A. Then we get for 
every a £ A 

(a ® l)(i ® t ® = (t ® t ® A*)((a ® &)i3^>(a0) € A ® h A 

and 

|| (o (8) i® uj)il){x)\\ h = ||i2(//,z,o®6)||/ l 

= ]im\\R((i,x,a®bex)\\ h 

A 

= \im\\R(uj,x,a® e x )\\ h 

A 

< ||t<;|| ||z|| fc I ] cat 1 1 . 

Analogously one can prove that (t ® l ® ® a) £ A Cg>^ A with norm majorized by 

||co>|| \\x\\h \\a\\. So we get indeed (t® i®uj)ip{x) £ ^4® m /i A with norm majorized by ||w|| ||x||^. 
With the notation as above we can write 

(a ® l)(t ® i ® Lu)ifj(x) = R(fi, x,a®b) 

and this depends strict-norm continuous on bounded x by one of the remarks above. One 
proves an analogous statement on the other side and gets the strict continuity on bounded 
sets of x i— ► (<. ® i ® uj)ifj(x) from A ® m h A to A ® m ^ A. ■ 

These results allow us to prove the following basic formula. 

Proposition 3.7. If a £ A and x £ A ® m h A such that a ® 1 = Tlx, i/ien a; ® 1 = ip{x). 

Proof. We will prove this formula by applying uj and by showing that Ti((t ® 6 ® uj)ifj(x)) = 
Ti(x)u(l). Then, the injectivity of T\ will give us the result. 

Now observe that 

® t ® uj)t/j(p ® g)) = ® t ® w)(0 13 (p)023(g))) 

= (t ® t ® W)((0 ® fc)0(p)<M?))- 

This can easily be shown by using the concrete formulas for ^(p ® (?) obtained in the proof 
of proposition pTo] . Then, using coassociativity, we get 

Ti((t ® t ® w)^(p ® g)) = (i ® t ® ® <f>)(</>(p)(l ® g))) 

= (t ® t ® ® 0)T x (p ® g)). 
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Then, using the strict continuity on bounded sets of all the maps involved, we get 

Ti((t <g> i ® u)ip(x)) = (t <g> l <S> 4>)Ti(x)). 

As T\x — a ® 1, the righthand side is 

(t ® t ® ® 0)(o ® 1)) = (a ® l)w(l) 

= T 1 (x)w(l). 

Then the proof is complete. ■ 

Before we continue, let us make a little excursion to Hopf algebras and see what the above 
formula really means. We will use the Sweedler notation. So, let (H, A, e, S) be a Hopf 
algebra. For any a G H we have 

o® 1 = y^Q(i) <£> e(o(2))l = X}^ 1 ) ® a (2)'S'( a (3)) 

= 5Z A («(l))( 1 ®^(«(2)))- 

So, in this case a <8> 1 = TiQ^ <8> 5(o(2))). Now 

^ A 13 (a (1) ) A 23 (S(a (2) )) = ^(a (1) ® 1 ® a (2) )(l ® 5(a (4) ) ® 5(a (3 ))) 

= ^Z a W ® 5 '( a (4)) ® 0(2)5(0(3)) 

= a (i) ® "5(0(3)) ® e(o(2))l 
= 2^0(i) ® S(a,(2)) ® 1 

and this is precisely the formula that we have, in the C*-context, in proposition 3~7 . 
This is very important for understanding what follows. Simply observe that 

^a (1) S(a (2) ) = e(a)l 

and 

® a (1) )A(S(a (2) )) = ^ S(a (3) ) ® a (1) S(a {2) ) = S(a) ® 1. 
These formulas will motivate the definition of £ and 5 below. 
First we need a little lemma. 

Lemma 3.8. If x G M(A) and 0(x) = £ ® 1 ; i/ien i G CI. 

Proof. Take a, b G A. Then 

(a <g> l)^(x6) = (a <g> l)</)(x)<t>(b) = (ax <g> 1)0(6). 

We now use the injectivity of T 2 (on A A) to find 

a (g) a;6 = ax <8> 6 

for all a, o G A This is only possible when x G CI. ■ 
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This lemma, together with the formulas in the Hopf algebra context above will lead us to 
the definition of the counit and the antipode. 

Proposition 3.9. There is a homomorphism e : A —* C, defined by e(a)l = m(x) when 
a G A and x G A ® mh A satisfy a ® 1 = T\x. Here m denotes multiplication as a map from 
A ® m h A to M(A) (see proposition \1.1C\ ). 

Proof. Take a G A and x G A ® m h A such that a <g) 1 = Ti(x). Take uj G A* and consider 
the formula u(l)x = (i Cg l ® u)ij){x). Apply multiplication on both sides. For any p,q G A 
we have 

m{i ® i ® u) (0i3 (p) 023(g)) = M w)(0(p)0(g)) = (t <g) iu)<p(pq) 

= (l Cg uj)(f)(m(p Cg q)). 

Again this can be proved by writing out the formula for (t Cg t eg) tu)(0i3(p)023(g)) that we 
obtained in the proof of proposition |3.5| . We get by continuity that 

u)(l)m(x) = m(i Cg i Cg lo)i/;(x) = (i Cg u;)0(m(a;)). 

As this is true for all u; we must have 

m(x) Cg 1 = 0(m(x)). 

By the lemma m{x) G CI. So we can define e : A — > C by e(a)l = m(a;) when a Cg 1 = T^a; 
and x G A C2> m h A 

Now we show that e is a homomorphism. To do this, take a, b G A and x,y £ A ® m h A 
such that = a Cg 1 and T\y = b Cg> 1. Use the notation of the proof of proposition FO and 
define z = M(x, y). We have seen that z G A ® m h A and T\z = ab Cg 1. Let c G A Then we 
have 

e(ab)c = m(z(l Cg c)) = m(M(x(l Cg c),y)). 

But for p, g G A we have 

m(M{p Cg g, y)) = m({p® Cg g)) = pm{y)q = pqe(b) = m(p Cg q)e{b). 
So we can conclude that 

e(ab)c = m(x(l ® c))e(b) = e(a)e{b)c. 
This gives the required result. ■ 



The antipode is obtained in a similar way. Instead of m, we now need to use the map 
p Cg q — > (1 Cg> p)A(q). This can be seen from the motivation explained before in the Hopf 
algebra context. We will call this map T. It is of the same kind as the maps T\ and T 2 (with 
p and g in the correct order). Therefore one can use the same methods to extend T to a 
continuous map from Ad&mhA to M(A® A), continuous both for the norm and for the strict 
topology on bounded sets. It is also possible to view T as 

f(p®q) = (Ti(g*®p*)*. 
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Now remark that p® q i— »■ q* ® p* extends to an isometry from ^4 ®^ A to itself and further 
to an isometry from A ® mh A to itself that is strictly continuous (see proposition |1.14j ). 

This takes us to the definition of the antipode. 

Proposition 3.10. There is a linear map S : Aq — * A defined by S(a) ® 1 = T(x) when 
a ® 1 = Ti(x) and a G Aq and x G A ® m h A. This map is an anti-homomorphism. We have 
S(a)* G A Q when a G A and S(S(a)*)* = a. 

Proof. Let a G Aq and x G A ® m h A satisfy a <8> 1 = T\x. Apply the slice map i® i® uo and 
then T to the formula x ® 1 = ip(x) as obtained in proposition [3.7| . This yields 

u(l)T(x) = T{i ® t ® w)^(x). 

Now, when p, g G A we have with the same technique as in the proof of the previous 
proposition 

f{i®i® U)l(){p ®q)=f(l®l® W)(0l3(p)023(g)) 

= (t®t(8)a;)(^23(p)(0® 00(g)) 

= (t® i®w)(t® 0)((i®p)</>(g)) 

= (t®t®w)(t® 0)T(p ® g). 
By continuity this is still true when we replace p ® g by x. We obtain 

w(l)T(x) = f{i ® l ® w)V»(x) = (t <g> t (8) u)){l ® <f>)f(x). 
This gives T(a;) ® 1 = (t ® <p)T(x). Now apply the slice map u; ® i ® t to get 

(a; <g> O^(^) ® 1 = ® O^O*))- 

By lemma |3]8| we get (a; ® i)T(x) G CI. As this is true for all tu, we must have T(x) G 
M(A) ® 1. As in the remark following we see that actually T(x) G A ® 1. Then we can 
define 5(a) G A by T(x) = 5(a) ® 1 when a E A and iei A satisfy a = Tix. 

Next we show that S is an anti-homomorphism. As before take a, b G A and x, y G ^4® m h A 
such that a® 1 = T\x and 6® 1 = T\y. Use again the notation of the proof of proposition pT2. 
Put z = M(x, y). Then z G A A and Xi2 = ab ® 1. Let c £ A. Then we get 

(5(a6) <g> l)0(c) = f (z(l ® c)) = f (M(x(l ® c), y)). 

Now for p,g6 A one has 

f (M (p ® g, y)) = T((p ® l)y(l q)) = (1 ® p)T{y)<j){q) = (S(b) ® l)f(p ® q). 

This gives 

(S(ab) ® l)0(c) = (S(b) ® l)f(x(l ® c)) = (S(b)S(a) ® l)0(c) 
and so 5(ao) = S(b)S(a). Finally 

5(a)* ® 1 = (5(a) ® 1)* = r x (r(x)) 
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where T is the map from proposition |1.14j . As T(x) G A ® m h A, we have S(a)* G A . Also 

S{S{a)*) ® 1 = f (r(x)) = Ti(x)* = a* ® 1 
and this proves the result. ■ 

In the case of a multiplier Hopf algebra we have essentially the same formulas. The counit 
in a multiplier Hopf algebra has been defined in just the same way as we do it here, see 
section 3 of |21| . The way to define the antipode for multiplier Hopf algebras was not usable 
however. The formulas in lemma 5.4 and lemma 5.5 of |2l[ are nevertheless very similar to 
the formulas we use to define the antipode. 

We would now like to prove some of the well-known formulas involving the counit and the 
antipode. We will refer to the discussion above in the Hopf algebra context. Recall that 

a ® 1 = A ( a (i))(! ® S{a {2) )) = 7\((i ® S)A{a)), 

So we expect that the element x G A ® m u A satisfying T\(x) — a ® 1 should be, in some 
sense, (t ® S)A(a). This is the content of the following proposition. 

Proposition 3.11. Let a G Aq, x E A ® m h A and a ® 1 = T\x. For all uo G A* we have that 
(u ® L)4>{a) G A and 5((a; ® 0<K a )) = (c<j <g> l)(x). 

Proof. Before we can really start the proof we have to make some introductory remarks. Let 
p,q G A and w6i*. Then we have 

(a; ® l ® ® <?) = ® l <g> t)((f>i3(p)(f>23{q)) 
= (1 ® (w ® i)(/){p))<f){q) 
= f((u ® t)0(p) <g> g) 
= T(((w<8) t)^® 0(P®?))- 

Now we would like to have the same formula for arbitrary x E A ® m h A instead of p <E> q. So 
we have to extend the map (u <8> t)</> <8> t. Because a; (g> t is completely bounded as a map from 
M(A (g> A) to M(A) with norm ||o;|| we get that (to <8> t)</> ® t can be uniquely extended to 
a continuous map from A (g)^ A to itself with norm majorized by ||a>||. See the discussion in 
the beginning of section 4. For every u G A* and k G A ® A we can, by the same argument, 
extend 

p® q^ (u ® L)(u(f>(p)) <g> g 
to a continuous map from A ®/, A to itself with norm majorized by ||a>|| ||u||. We write 

Q(a;, u, x) = ((a; <g> «,)(«</>(•)) ® 

for this extension applied to x G A If now i6i (g> m h A, it G A (g) A, u; G A* and a G A 
we get 

\\Q(oj,u, (a<g l)x)\\ h = \im \\Q(u,u, (a ® l)z(l (8) e A ))|U 

A 

= lim||Q(a;,«0(a),a;(l <ge A ))|| h 

A 

< \\u\\ ||w0(a)|| llxIL 
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So by the non-degenerateness of it is possible to extend Q uniquely to a map 

A* x (A® A) x (A ® mh A) -> A ® h A 

such that 

Q(uj, u(p(a), x) = Q(uj, u, (a ® l)x) 

for uj E A* , u E A ® A, a E A and x E A ® m h A. It is clear from the formulas above that for 
every uj E A* and u E A® A the map x \— > Q(u;, w, x) from A A to A <S>h A is strict-norm 
continuous on bounded sets. 

Let now uj E A*. Write u = fib with fi E A* and b E A. Then define 

p 2 (a, x) = Q(/jl, b®a,x) E A ® h A 

for every a E A and x E A® mh A. Then for every a E A the map x \— > ^2(0, x) is strict-norm 
continuous on bounded sets and 

p 2 (a,p® q) = (a® l)((u; <g) t)0 ® ® q). 

Analogously the map 

p ® q h-> ((a; <g> t)0 <g> ® g)(l ® a) 

can be extended uniquely to a map from A ® m h A to A ®h A which is strict-norm continuous 
on bounded sets. So we have proved that (a; ® t)(f) ® 1 can be extended to a bounded map 
from A ® m h A to itself which is strictly continuous on bounded sets. We denote this (unique) 
extension by the same symbols. 

Now we start the real proof. Let a E A , x E A ® mh A and T\x — a ® 1. Then we have 
x ® 1 = ip(x) so that for all uj E A* we get (uj ® l)(x) ® 1 = (uj ® t ® l)^(x). Now the 
computation in the beginning of this proof, together with the strict continuity of the maps 
involved gives 

(uj ® i)(x) ® 1 = (uj ® l ® i)ip(x) = T(((uj ® L)(j) ® l)(x)). 
It follows from this that (uj ® i)(x) = S(b) for b E A satisfying 

b®l = T l (((u® t)(f)® t)(x)). 

Now 



Ti(((uj ® i)(j) ® i)(p ® q)) = (uj ® 1® l)((l ® 4>)(f)(p)(l ®l®q)) 

= ((uj®i)<p®i)(T 1 (p®q)). 

So if we replace p ® q by x we get 

b ® 1 = ((uj ® i)(f) ® l)(Ti(x)) = ((uj ® l)4> ®i)(a® 1) 
and so b = (uj ® i)(f>(a). 
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So formally x = (<. (g> S)(j)(a) when a (g> 1 = Now, by definition e(a)l = m(x) and 

we recover the formula m(t (g> S)(j)(a) = e(a)l. Actually we can now give a meaning to this 
formula because we take elements a such that (i ® S)A(a) belongs to A ® m h A, where we 
can apply multiplication (recall the discussion in the introduction). 

From the proof of the previous proposition we also find e((uj®i)(fi(a))l = m(((a;®t)0®i)(x)), 
when a ® 1 = T\x and to G A*. Now 

m(((w g> 00 «u)(P ® ?)) = (w ® 6)(0(p)(l g> g)) = (w ® i)Ti(p ® q). 
If we use this formula for x in the place of p <S> q, we arrive at 

e((u ® 00(a)) 1 = ^(a) 1 

which precisely stands for (t ® e)0(a) = a when a G j4o- 
Also the following formula is very familiar: 



Proposition 3.12. Let a G A Q . Then S(a)* G A and e(S(a)*) = e(a). 

Proof. Take x G A® m hA such that T\(x) = a<8>l. It follows from the proof of proposition |3.10| 
that S(a)* <8> 1 = Ti(T(x)). Hence we have e(S(a)*)l = m(T(x)). Now for p, q £ A we get 

m(T(p (g) q)) = m(q* <g> p*) = g*p* = (m(p ® g))* 



so that m(r(x)) = (m(x))* = e(a)l. This gives the result. ■ 
There is one more formula in Hopf algebra theory that we can give a meaning here, namely 

A(S(a)) = <r(S®S)A(a). 



Proposition 3.13. If a G A Q and x G A® m ^A such that a® 1 = T\x, then (i®u)(x) G A 
for all uj G A* and S((i <g> w)(x)) = (u <g> L)<j)(S(a)). 

The formula mentioned before the proposition is obtained by writing formally that x = 

Proof. Start again from the basic formula x®l = ifj(x) and now apply the slice map i®uj®)l. 
For p, q G A we have 

(t (8) <g> (013 (p) 023(g)) = 0(p)(l ® (w ® O0(?)) 

= Ti(t®(a;®O0)(P®9)- 

Exactly as in the proof of the previous proposition we can extend i ® (u <8> 00 to a map 
from A ®mh A to itself which is strictly continuous on bounded sets. So applying the formula 
above to x in the place of p <8> q we get 

(t (8) u) (x) ® 1 = (t ® w (8) O^(^) = Ti((l ® (w ® O0)( 2 O)- 
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Hence (l ® uj)(x) G A and 

S((l ® w)(x)) ® 1 = r((t ® (u ® i)4>){x)). 
Again, with x replaced by p ® q we get 

T((t® (w® t)0)(p®g)) = (w <g> i ® fc)((l ® 1 ®p)(i ® 0)0(g)) 

= ((u;® t)0® t)T(p®g). 

So 

5((t ® ^)(x)) ® 1 = ((w ® t)0 ® OC^O) 
= (w ® t)((){S{a)) ® 1. 

This proves the result. ■ 
Again we also get 

e((t ® w)(a:))l = m((t ® (w ® O^X^))- 
With x replaced by jo (g> g we get 

m((i ® (u;® t)0)(P® ?)) = (w® = (w® i)f{p®q) 

and so 

e((t ® w)(a:))l = (w ® ® !)• 

Thus e((i ® = cu(iS'(a)). This essentially is the formula 

(e<gu)((i®S')A(a)) = S{a). 

Remark 3.14. In this section we have worked with T\ and T to define Aq, S and e. It is 
for reasons of symmetry clear that we could also work with A' Q , consisting of those elements 
a £ A such that 1 ® a belongs to the range of T 2 on A ® m h A. We can then extend the map 
p®q\-^ <p(p) (g ® 1) to a map T from A ® TOft A to M(A ® A) and define S" and e' on such 
that 

1 ® S'(a) = T(x) e'(a)l = m(x) 

when 1 ® a = T^x). In the next section and in section 5 we will describe natural subspaces 
of Aq fl A' Q on which S, S 1 and e, e' coincide. 



4 The two-sided counit and antipode 



When A is a C*-algebra there is a natural way to norm the linear space M nm (A) of n by 
m matrices over A. When A is a closed *-subalgebra of B(H) this norm is obtained by 
looking at M nm (A) C B(H m , H n ), where if m denotes the m-fold direct sum of H. Now 
when (pi) G Mi n (A) and ((&) G M n i(A) we have 



ii(Pi)ii = ||E 



i=l 



1/2 



n 



and || (ft) ||= 2^ g*g 



i=i 



1/2 



Compared to definition |1.1| the following definition should not be too surprising: 
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Definition 4.1. Let A be a C* -algebra and x G A A A. Then we define 



\\x\\ h = inf(||(pi)|| HfeOH ||(r,)|| | (ft) G M ln (A),(g -) G M nm (A),(rA G M ml (A) 

n,m 

and x = ^ Pi j . 

So again we take the infimum over all such representations of x in the algebraic tensor 
product and one can again prove that this is a norm on A A A. The completion for this 
norm will be denoted by A 0^ A 0^ A. 

Also here we will regularly want to extend maps defined on the algebraic tensor product to 
the triple Haagerup tensor product. The following obvious lemma is crucial. 

Lemma 4.2. Let B be a C-algebra, (p^ G M ln (B), (q^) G M nm (B) and (r,) G M m i(B). 
Then 

n,m 

|Ewi|<ii(ft)ii life) ii ii(^)ii- 

Proof. This follows immediately when one takes B C B(H) and Mki(B) C B(H k , H l ). m 

We recall that a map F from a C*-algebra A to a C*-algebra 5 is called completely bounded 
when there exists a positive number M such that ||(F(ay))|| < M||(ay)|| for all (a^) G 
M nm (A) and all n, m G N. The smallest such number M is denoted by ||-F|| C &- When 
ll-^llcfe < 1 we say F is a complete contraction. Completely bounded maps can be tensored 
freely on the Haagerup tensor product. For instance, when F,G, H : A — > B are completely 
bounded, it is clear nearly by definition that F0G0ff defined from AqAqA to BQBQB is 
bounded for the Haagerup norm. We also mention that every uj G A* is completely bounded 
when considered as a map from A to C and ||a?|| c & = IMI- So it is clear how to define slice 
maps (l i u>) or (w®t®t) from A 0^ A 0^ A to A fe A Finally it is also possible to 
define norms on the spaces of matrices over the Haagerup tensor product. If for instance 
x G M nm (A A) we define 



\\x\\ h = inf{||(p ife )|| 11(^)11 I r G N, (p«) G M nr (A), (g fcj ) G M rm (A) 

r 

and Xjj = ^ p ik for alH, j j . 
fc=i 

So it also makes sense to speak about completely bounded maps from A ® h A to A When 
F is such a map, of course F i will again be a completely bounded map from A 0^ A 0/j ^4 
to A fe A All this is clearly worked out in the theory of operator spaces and we refer to 
e.g. [§, § and |7j for this. 

We will now treat the two-sided approach somewhat different from the one-sided approach. 
There we worked with the multiplier Haagerup tensor product A m ^ A which could be 
characterized as the space of elements x G M(A A) such that both (a l)x and x(l a) 
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belong to A ®h A for all a G A. We could also proceed here in a similar way. However, we 
will stick to the triple Haagerup tensor product. 

First we need the map 

T:p®q®r^(p®l® l)0 {2) (g)(l ® 1 <g> r) 

where <p^ 2 \q) = (</> ® ^)4>(q) = (t <8> <j))4>{q). Remark that 

T(p®q®r) = (l ® (f))((p ® l)(f)(q))(l ® 1 ® r) 
T(p® q®r) = (p® 1 ® 1)(0® ® r )) 

so that formally T = (t (g> Ti)(T 2 ® t) = (T 2 ® Ti). Therefore, the following should be 

no surprise. 

Proposition 4.3. The map T can be uniquely extended to a contraction from A ®h A ®h A 
to A® A® A. The extended T is injective. 

Proof. First observe that T(p ® q ® s) G A ® A ® A as e.g. <fi(q) (1 ® r) G A ® A and 
(p ® l)(f>(s) G A ® A (for all p,q,r,s G A). Let (p*), (g^) and (rj) be as before. Then by 
lemma 14.21 we have 



||^fe®l®l)0 (2) ( % -)(l®l®r,) < ||fe)||||(0 (2) (%O)llll(^)ll < ||(ft)IMIGfo)|| \\(rj)\\. 

So T is a contraction for the Haagerup norm. Now suppose x G A ®h A ®h A and T(x) = 0. 
Let uj E A* and apply (a; ® i ® C). This formally gives Ti((u ® t)T 2 ® i)(x) = 0. To give a 
meaning to this we have to verify that the map (u ® l)T 2 from A ®h A to A is completely 
bounded. But this is true because T 2 is completely bounded from A ®h A to A ® A and 
(u ® i) from A ® A to A. Then the formula 

(u ® l ® L)T{y) = Ti((u ® l)T 2 ® u){y) 

is easily checked for y G A © A A and then extended by continuity. So we get indeed 
((co ® i)T 2 ® l)(x) = for all u> G A* because T x is injective. But then 

(u® l)T 2 {{l® t®n)(x)) = 

for all a>, /i G A*. Because T 2 is injective we get (l ® l ® (j,)(x) = for all fi E A* and hence 
x = 0. ■ 



Now, we will use this triple Haagerup tensor product mainly to prove that the left and right 
counit and antipode, as obtained in the previous section coincide on a certain subalgebra, 
contained in Aq fl A' . It will be shown in the examples that this subalgebra is still dense in 
most known cases. We will also obtain some more formulas for the counit and antipode. 

We start with the following notation. 
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Notation 4.4. Let A denote the space of elements a G A such that b® a® c belongs to the 
range of T on A ® h A ® h A for all b,c G A. 



So when a G A and b, c G A we can find x G A <S>h A <S>h A such that b <g> a (g c = T(a;). If 
now cj G A* we see, using the formula in the proof of proposition |4.3j , that 



w (6) a ® c = (w ® t ® i)T(x) = 7i((o; <g i)T 2 <g> 

So we get that a (g c belongs to the range of T\ on A (g^ A. This is not sufficient for a to 
be in Aq. In order to have this one would need T{~ (a (g c) = y(l <g c) for some element 
y E A ® mh A and all c G A, and this involves an extra condition. If we assume however that 
a G Aq then we get the following result. 

Proposition 4.5. Let a G *4.nA . £e£ b,c <E A and x G A(g^A(ghA such that b®a®c = T(x). 
Then 

e(a)(b <g c) = F(x) wift F(p (g) g (g r) = (p <g l)0(g)(l (g r). 
For i/ie antipode we get the following formulas. 

(b <S> 1 ® 1)(1 ® 5(a) g> 1)(1 <g 0(c)) = Fx (a;) wif/i F^p (g g g) r) = (p ® 1 ® l)0is(g)023(r) 
(0(b) (g l)(l (g S'(a) g) 1)(1 <g 0(c)) = F 2 (a;) with F 2 (p g) g g) r) = (0(p)® l)0 (2) (g)(l® 0(r)) 

6S'(a) ® c = F 3 (x) TOf/i F 3 (p ig q (g> r) = p ® qr 
bS(a)c = F 4 (x) mft F 4 (p ig g (g r) = pgr 



Remark that before the proposition makes sense, we have to show that F, F l5 F 2 , F 3 and F4 
are all bounded for the Haagerup norm, with the range in A for F 4 , in A (g A for F and F 3 
and in A <g> A <g> A for Fx and F 2 . This can be done completely analogously as the extension 
of T (see proposition [4.3| ). 

The formulas in the proposition can be easily illustrated for Hopf algebras. So let (F, A, e, S) 
be a Hopf algebra and x G H. Then we clearly have, using Sweedler notation, 

1 <g> X <g 1 = F^ £(&(!)) ® X {2 ) ® S(X($)\ . 

To illustrate the second formula for the antipode, we compute: 

A 12 (S , (x ( i ) ))A (2) (x ( 2))A 23 (6'(2; ( 3 ) )) = ^ S(x (2 ))x {3) ® S(x {1) )x (4) S(x (7) ) ®i (5 )% 6 )) 

= ^1 ® e(ar( 2 ))iS , (x(i))x(3) J S(x(5))e(x(4)) ® 1 

= ^1®5 , (X ( 1 ) )X ( 2)5'(X ( 3))® 1 

= 1 (g £(x ( i))5(a;(2)) O 1 = 1 ® S(x) ® 1. 
Analogously one can compute the other formulas. 
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Proof. Before this proposition we already remarked that 

u{b)a®c = T 1 ((u® l)T 2 ® l)(x). (4) 
Because a G A we get from this that 

u(b)e(a)c = m((u <8> l)T 2 ® ^){x). 

Now for p, q, r G A we have 

m((uj ® t)T 2 <8> i) (p ® g ® r) = (cj ® t)-^(P ® Q ® r) 
and so by continuity we have e(a)6 (g> c = E(x). This proves the formula for the counit. 



Now starting again with formula |] and using the definition of the antipode (see [3.10 ) we get 

u(b){3{a) <g> l)0(c) = f ((w g> 0^2 ® t)0«0- 

But for all p,q,r £ A 

f((u <g> t)T 2 ® t)(P ® 9 ® r ) = ( w ® 4 ® O^i (P ® 9 ® r ) 

and so we get 

(6 ® 1 ® 1)(1 ® 5(a) ® 1)(1 ® 0(c)) = Fi(x). 

This gives the first formula for the antipode. Now choose u G A* and apply (t <g> 6 ® a;) to 
this equation. This gives 

5 <g> 5(a)(i g) w)0(c) = (t <g> l ® lo)F 1 {x). 
But for p, q, r G A we have 

(t ® t ® w)Fi(p ® q ® r) = (p <g> l)((t ® t ® w)(0is(?)023(r))). 



In proposition |3]5| we have seen that 

q r ( t <g, i cj)(0i 3 (g)023(^)) 

extends to a bounded map from A (g)^ A to itself. A slight modification of that proof gives 
that this map is even completely bounded. But this allows us to conclude that the map 

p®q®r^ (p <g> l)((i ® i ® cj)(0i 3 (o)023(^))) 

can be extended to a bounded map from A ®h A <S>h A to A <S>h A. We will denote this 
extension by G. So we get in A ®^ A the equality 

&®S(a)(i®w)0(c) = G(ar). (5) 

Then we may conclude that 

0(6)(1 <g> S-(o)(i «) o;)0(c)) = 7i(G(z)). (6) 
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Observe now that 

T 1 (G(p®q®r)) = 0(p)Ti((t®t(8)w)(^i3(g)023(r))) 
= 0(p)(i® i®cu)((/) (2) (g)0 2 3(r)) 

as we already observed in the proof of proposition |3/7| 

= (i (g t <g> u)F 2 (p ® q®r) 
By continuity we conclude from formula ^ that 

<M&)(l®S(a)<8> l)02 3 (c) = F 2 (x). 
This is the second formula for the antipode we had to prove. Next we observe that 

m(G(p ® q ® r)) = pm((i ® i ® u;)(0i 3 (g)</> 23 (r))) 
= p(l <S> u)4>(qr) 

as we already observed in the proof of proposition |3]9| 

= (l®u)T 2 (p® qr) 

Now we have to remark that F 3 is a contraction from A ®h A £g>h A to ^4 ®^ A and this allows 
us to write 

m(G(x)) = (l®uj)(T 2 (F 3 (x))). 
Combined with formula |5] we get 

T 2 (bS(a)®c) = T 2 (F 3 (x)) 

and so bS(a) ® c = F 3 (x). We already observed that F 3 (x) e A <S>h A and so we get bS(a)c = 
m(F 3 (x)). Clearly m(F 3 (x)) = F±(x) and this concludes the proof of the proposition. ■ 

Now, some of these formulas are nicely symmetric. This is the case e.g. for the formula with 
e and for the second and the fourth formula involving S. Using the notation of remark |3.14 
this implies the following. 

Proposition 4.6. If a E An A (~] A' Q , then e(a) = e'(a) and S(a) = S'(a). 

Proof. In a completely similar fashion we get for elements a G A D A' formulas for e'(a) 
and S'(a) as in the previous proposition. From these formulas, it immediately follows that 
e(a) = e'(a) and S(a) = S'(a). m 



One might guess from the formulas in [4.5| that it is possible to define e and S on all of A. 
This is indeed the case. It requires some more arguments. But it is not very relevant for the 
theory. In some sense, the space A is too big. Moreover, there seems to be no argument to 
show that A is an algebra which would be a natural requirement. 

Now, also the set A fl A R A' will probably not be an algebra. Of course, as A and A' are 
algebras, the subalgebra of A generated by A fl A fl A' Q will be a subalgebra of A and of 
A' where e = e' and S = S'. 

From the theoretical point it would certainly be nice to have a more precise understanding 
of all these sets. On the other hand in practice it is just important to have enough elements. 
This is what we will show in the examples in the next section. 



34 



5 Special cases and examples 



In this section, we will consider some special cases and examples. Essentially, there are 
always three steps to be taken. First there is the construction of the comultiplication on the 
C*-algebra. Then one must try to prove the injectivity of the maps T\ and T 2 so that we 
do have a Hopf C*-algebra. Finally one has to find the counit and antipode, as constructed 
in section 3 (one-sided) and section 4 (two-sided) and hopefully show that the respective 
domains are dense. 



5.1 Locally compact groups 

The main two examples to start with are Cq(G) and C*(G) for a locally compact group G. 
The first result is obvious. 

Proposition 5.1. Let A be the C* -algebra Cq(G) of continuous complex functions tending to 
at infinity on a locally compact group G. Let (J) be defined as before by 0(/)(p, q) = f{pq) for 
f G Cq(G) and p,q G G. The cf> is a comultiplication on A and (A, <fi) is a Hopf C* -algebra. 

The injectivity of the maps T% and T 2 follows as A®hA is contained in A® A and here T\ and 
T 2 have continuous extensions to A eg) A and these extensions are even C*-automorphisms. 

We give the following result mainly for reasons of presentation. We will formulate and prove 
more general results in proposition |5.6| and p. 11. 



Proposition 5.2. Let A = Cq(G) and (p before. Consider a left Haar measure on G, 
take two functions f and g in K(G), the space of continuous complex functions with compact 
support in G and consider h G K{G) defined by 



Hp) = J f(pq)g(q)dq- 

Then h G Aq (as defined in 3.1\) and e(h) = h(e) and S(h)(p) = /i(p _1 ). 



We will not give the proof here in detail as we will come back to this later. But we can 
define a function k of two variables by 

k(p,q) = J f{pr)g{qr)dr. 

This is a bounded continuous function and one can show that it belongs to A ® m h A. If we 
apply T\ to it, we obtain 



(Tik)(p,q) = k(pq,q) = j f(pqr)g(qr)dr 
f(pr)g(r)dr = h(p). 
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It follows that Ti(k) = h (g> 1 and so h G A . Then e(/i) = k(p,p) = J f(pr)g(pr)dr = 
J f(r)g(r)dr = h(e) for all p. Moreover 



k(q,pq)= I f(qr)g(pqr)dr 
f{r)g{pr)dr 
f(p~ l r)g(r)dr = h(p" 1 ) 



and this illustrates the formula S{h){p) — h{p r ). 

The next case is C*(G). Here, the first step is well-known. 

Proposition 5.3. Let G be a locally compact group. The reduced C-algebra C*(G) of G is 
the C* -algebra generated by the left convolution operators on L 2 (G), where G is considered 
with the left Haar measure. If we define W on L 2 (G) <8> L 2 (G) by 

(W£)(p, q) = £(p,pq) 

then 4>{x) = W*(x <S> 1)W defines a comultiplication on C*(G) and {C*{G),4>) is a Hopf 
C* -algebra. 



Proof. That W induces a comultiplicaton on C*(G) is proved in e.g. 2Q[ , proposition 4.2. 



The only thing that remains to be shown is that the maps T\ and T 2 are injective on 
C*{G) ®h C*(G). We will prove it for T 2 . Then the injectivity of T\ can be obtained easily 
as 4>(x) = o~(j)(x) (where a is the flip) so that 



T x {a®b) 



0(o)(l®6) 
((1 ® b*)cf)(a*))* 
{a{T 2 {b*®a*))y 



and we have seen that a <g> b — > b* <S> a* is an isometry of the Haagerup tensor product to 
itself. 

Now remark that for p,q G C*(G), u G B(L 2 (G))* and any right convolution operator y on 
L 2 (G) we have 

y((i ® cu)(T 2 (p ® g)W*)) = j/((t ® w)((p ® ® 1))) = py((i ® 

where we used the obvious fact that left and right convolution operators commute. It is 
clear that for any z G B(L 2 (G)) we can define a bounded map M z from C*(G) <S>h C*(G) 
to B(L 2 (G)), with norm majorized by ||z|| and such that M z (p ® g) = p^g. If now x G 
C*(G) ®h C*(G) and r 2 (o:) = we conclude by continuity from the computation above that 
M z (x) = for all z of the form y((i®u)(W*)). But the space {(i®u)(W*) \ to G B(L 2 (G))*} 
is norm dense in the space of multiplication operators by functions of Cq(G). So the linear 
span of the elements y((L®u)(W*)) with oj G B(L 2 (G))* and y a right convolution operator, 
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is norm dense in the compact operators on L 2 (G). So we can conclude that M^x) = for 
all compact operators k on L 2 (G). In particular we get, for all £1, £ 2 > Vii V2 G L 2 (G) 



= (M %i0;2 (x)?7i,6) = (^,68^,12)^) 

where we used the notation 0% for the rank one operator from C to L 2 (G) given by 0$(X) = A£. 
From this it follows that x = and that completes the proof. ■ 

Also here we can get enough elements in A Q . Again this follows from a more general result 
that we will prove later (see propositions |5]6| and |5.11|) . But let us once more illustrate the 



theory by looking closer to this special case. We have the following result. 

Proposition 5.4. Let f G and let 7r(/) denote left convolution with f on L 2 (G), then 

n(f) G A) and e(7r(/)) = f f(p)dp and S(n(f)) = n(f) where f(p) = A(p)' 1 f(p~ 1 ) and A 
is the modular function of G. 

The argument here is essentially the following. Denote by X p the left translation operator 
on L 2 by p given by (\ p £)(q) = ^,(p~ 1 q)- Put h = f f(p)(X p ® X p -i)dp. This will be in 

C;{G)® mh C* r {G) and 



T i( h ) = I f\p){.K®W-^)dp 
f(p)X p dp) ® 1. 

So / f{p)X p dp G A and e(/ f(jp)X p dp)l = J f(p)X p X p -idp = J f(p)dpl and 



f(p)(X p -i®X p X p -x)dp= / f(p)X p -xdp= / /(p )A(p ^Apdp 



For these two basic examples it is also possible to give elements in the space A R A fl A' Q 
(cf. previous section). This is not so relevant here, see propositions |5J| and |5.12. 



5.2 Hopf C*-algebras with corepresentations 

Now we will pass to a much more general situation and we will show how corepresentations 
give rise to elements in the domain of the counit and the antipode. 

First recall the notion of a corepresentation as we will use it here. In this section, we will fix 
a Hopf C*-algebra (A, <f>). 

Definition 5.5. By a unitary corepresentation of (A,(f)) on a Hilbert space H we mean a 
unitary element u in M(A ® B (H)), where B Q (H) stands for the compact operators on H , 
satisfying (0 ® = M i3 M 23- 
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We again use the leg numbering notation here : U23 is 1 <8> u in M(A <g> A ® B (H)) while w 13 
is obtained from 1 ® w by applying the flip on the first two factors. 

Proposition 5.6. Let u be a unitary corepresentation such that (4 <g> uj)(u) G A for all 
uj G B(H)*. Then (4 <8> G A /or a// a; G B(H)* and 

s(l <g> = a>(l) 5(4 (8) a>)(tt) = (4 <g> w)(w*) 

Proof. First remark that it is sufficient to look at the case uj = uj^ tV with £, 77 G H. Because 
uj G Bq(H)* we can take a representation 7r of B (H) on another Hilbert space such that 
uj = oj£ )V o n with £, 77 G K. Then we replace u by (4 <8> 7t)(m). So we may suppose a; = u^ )V 
with £, 77 G .ff. Let (pi)i^i be an orthonormal basis for and define 

^ = (4 <g> w w ,,,)(u) % = (i ® w fjW )(u*). 

We have pj, qi E A for all z and by a slight modification of lemma ^]4| (or by lemma 9.5 in 
fT2|j ) we get that J2ieiPiPi converges strictly to (4 <g> uJ VtT1 )(uu*). Also J2ieiQiQi * s a bounded 
strictly converging net. So by proposition |1.15| we can define an element x G A ® m h A by 

the sum being strictly convergent. Then we have 

= (4 <g> 4 ® Oj£ >r) )(((f) g) 4)(m)m2 3 ) 

= (4® 4® U;)(«i 3 l4 23 «2 3 ) 
= (4® 4 ® ^)(Wi 3 ) 
= (4® <g> 1. 

So indeed (4 ® G A . Next we have £((4 ® u)(u))l = J2ieiPiQi — ( L ® = w(l)l 

and 

5((4®cj)(m)) ® 1 = ^)(l®Pi)0(gt) 

ie-T 

= (4 <g) 4 ® Co> €fl )(-U 2 3(</ ) ® 

= (1 ® 1 ® uj)(u 23 u* 23 u* 13 ) 

— (4 <g) 4 ® w)(w* 3 ) 

= (4® ® 1 

so that <E> w)(w)) = (i <E> a;) (it*). This completes the proof. ■ 
We would like to comment a little on this result and the proof of it. 

Observe that the left regular representation of a locally compact quantum group will satisfy 
the requirement that (4 <g> w)(u) G A for all uj. Remark that the trivial corepresentation 
(1 G M(A)) does not have this property when A has no identity. 
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Formally, we can write 



(e<g t)(it) = 1 (S®l)(u)=u* 



If u and v are corepresentations as in definition |575|, respectively on H and K, we can define 
a corepresentation w on H <g> K by w; = 1*12^13. When a>i G B(H)* and G B(K)* we find 

(t (g) <g W2)(w) = (l (g LO\)(u)(t (g oj 2 ){v) 

and we see that we obtain a subalgebra of elements in Aq. It is easy to verify that e is a 
homomorphism and S a antihomomorphism on this subalgebra. Also S(a)* = (t <g 
when a = (t (g so that again S'(a)* is of this form. And the formula S(S(a)*)* = a is 

obvious here. 



Observe that the same formula for the antipode is obtained in ||24j| , Theorem 1.6, in the 



framework of manageable multiplicative unitaries. Also for locally compact quantum groups 
we have such a formula, but that is not so surprising because any locally compact quantum 
group is a Hopf C*-algebra. See proposition [5.13 and the remark following it for a more 



precise result. In the framework of Hopf algebras (or multiplier Hopf algebras) these formulas 
are again well known, see § 11.1.1 of [|Hj and [p3fl . So far about the left counit and antipode. 

In a completely similar way, we can work with unitary elements v in M(Bq(H)®A) satisfying 
(l <g 4>){v) = v 12 v 13 . Then (u <g l)(v) G A' q and e'((u <g l)(v)) = u(l) and S'((u (g i){v)) = 
(a> (g i)(v*), when (co (g i)(v) G A for all u. Now, because we can simply go from one type 
corepresentation to the other by applying the flip, we get the following result. 

Proposition 5.7. As before, let u be a unitary corepresentation such that (t <g> oj)(u) G A 
for all u G B(H)*. Then (l®u)(u) G A q fl A' and e and e' , as well as S and S' coincide on 
these elements. 

Proof. Let v = au where a denotes the flip from M(A <g B (H)) to M(B (H) (g A). Then 
(i (g 0)(f) = fi2^i3- If a = (a; (g t)(u) and x = (a> (g t (g 0(^12 ^13) one ver ifi es > as m the proof 
of |5]6|, that x e A ® m h A and that 

T 2 (x) = (uj®i® L){v* n (i (g 0)(v)) 

= (u <g t <g 0(^12^12^13) 

= (a; (g Kg 0(^13) = 1 ® a- 
Hence e'(a)l = (co (g t)(Vi;) = a»(l)l. Also 

1 (g 5'(o) = (g Kg ® <P)(V*)V 12 ) 

— (u <g i <g 0(^13 v 12 l, 12) 
= (w <g t <g 0( u 13) = 1 ® (w ® 

Together with the previous proposition this gives the result. ■ 
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As we have remarked before, taking into account all such corepresentations, we get a subal- 
gebra of A R A' where e = e' and S = S' . 

Also remark that here we need v*v = 1 and hence u*u = 1 whereas in the previous proposition 
we needed uu* = 1. 

Now we come to the two-sided approach. Here we can prove the following. 

Proposition 5.8. Let u and w be unitary corepresentations on H and K respectively with 
the property that (i <S> oj)(u) and (i <g) uj')(w) are in A for uj G B(H)* and uj' G B(K)* 
respectively. Then the product of two such elements belongs to A fl A fl A' , as considered 
in I 



Proof. Take uj G B(H)* and uj' G B(K)*. Just as in the proof of proposition |5l| we may 
suppose that uj = uj£ jV and uj' = to^ tV '- Write a = (i<g>uj)(u) and b = (l(3uj')(w). Use the flip 
map a and denote v = aw G M(B (K) <g> A). Then b = (uj' <g> l)(v) and 

ab = (uj' g) t ® ^)(m23^i2)- 

From the previous proposition it follows that a, b G AoHA'q, and because both are subalgebras 
of A we get ab G A fl A' . To show that ab G A we consider 

X = (uJ(i,ri> <8> t <8> t <8> l <8> ^ )7? )(u* 2 M25«35^13fl4W4 5 ). 

We claim that for all c, d G A we have 

(c ® 1 <g> l)x(l <g> 1 ® d) G A ® ft A ® ft A 

and 

T((c ® 1 <g> l)x(l <g> 1 ® d)) = c <g> ab <g> d. 
Let (pi)i£i be an orthonormal basis for i7 and (p'j)j £ j for Define 

Pk = { U p' k ,T}' ® Pi = (a ® ^ ftir ,)(w*) 

r[ = ® l)(v*) Tj = (l ® 



As in the proof of proposition ^]6| we get that the nets ^2 keJ PkP't an d Yliei PiPi are b°th 



bounded and strictly converging. So also 

E, * 
PkPiPiP k 

(i,h)ElxJ 

will be bounded and strictly converging. Analogously 

E* /* 
r . ri r irj 

(j,i)eixj 
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is bounded and strictly converging. It is clear that (QijQki){i,k)>U>i) * s a bounded (infinite) I x J 
by I x J matrix over A. Then it is not hard to see that for every c,d G A the net 

i,k,j,l 



is norm convergent in A ®h ^4 ®h ^4 (see also the estimate in the proof of proposition 5.12 ). 
The limit in A ® A ® A is given by (c<8> 1 <8> l)x(l ® 1 <8> d). Applying T to this element gives, 
after some computations, 

(c <g> 1 <g> \)(u)gtf ® i® i® i® ^ fl )(^ 2 M2 5 'U25%5«45l ; 12Vl3Vl4fi4«45)(l ® 1 ® d) (7) 

where we used 

{i ® (2) ® L)(l ® u) = "U 2 5%5^45 (i ® (2) ® 0( v ® 1) = V 12 V 13 V U . 

But now observe that the element in formula [7| equals 

(c ® 1 ® l)(uj' ® L ® L ® L ® Uj)(vl 2 U 35 U 45 Vi 2 V 13 ul 5 )(l ® 1 ® d) 

= (c® 1 ® l)(u/ ® i® t® t® oj){u^u^u\ b vl 2 vi2Vi 3 ){\ ®l®d) 
= (c ® 1 ® 1) (a;' ® i ® i ® i ® uj) (1435^13) (1 ® 1 ® d) 

= C®(u)' ® i® UJ){U23V12) ® d 

= c ® ab ® d. 

So we get that c® ab ® d belongs to the range of T on A ®h A ®h A for all c,d G A. This 
gives ab G A. m 

Remark that here we need both u*u = 1 and uu* = 1, and similarly for w. 
Let us illustrate some of the formulas that we obtained in section 4. 

If we apply the map p®q®rt—>(p® l)0(g)(l ® r) to the element x in the proof of the 
proposition, we get 



(u/ ® L ® l ® W)(t'i2'«24' u 24%4^12^13 w l3^34) = (uj' ® L ® L ® Uj) {v^U^V^U^) 

= (u' ® L® L® Uj)(vl 2 Vl2U34UlA 

= u'(l)u(l)l® 1 

and this illustrates the formula 

e(a)(b® c) = Y^iPi ® ® Tj) 



we obtained in proposition 4.5 
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If we apply p g r — > (0(p) l)0( 2 )(g)(l 0(0) to x we § e ^ 

(w' t t i ^)(vl 3 vl 2 ul 5 ul 5 u 25 u 35 u 45 v 12 v 13 v u vl 4 vl 3 ul 5 u* 35 ) 

= (u/ i i i uj)(v{ 3 vl 2 u^vi2u\ b u* 3b ) 
= (uj' i l t (8) cj)(i;*3-U3 5 ) 

= 1 (a;' fc)( u *)( fc ® ^)K) ® 1 
= 1 S(b)S(a) = S(ab) 1 

and this illustrates the formula 

(0(6) 1)(1 5(a) 1)(1 0(c)) = ^(0fe) 1)0 (2) (%-)(1 0(r,))- 

Finally, look at the map p0g0r^p0gr and apply it to x. This gives 

(u/ t t ^) (^12^24^34^13^13^34) = (<x/ t i ^)(^2 M 24) 

= (cy<gu)(u*)(t®w)(u*) ® 1 
= S{b)S{a) 1 = S(ab) 1. 

which illustrates the formula 

65(a) c = ^2 Pi ® %' r i- 

So we can conclude that for Hopf C*-algebras (A, 0) with enough corepresentations u satis- 
fying G A for all G B(H)*, we get a dense subalgebra Au namely the set of such 
elements (t u)(u), contained in A n Aq. By taking Af, we even get a dense subalgebra 
contained in A fl A fl Aq. But already e — e' and 5 = 5' on A- 

5.3 Locally compact quantum groups 

The last class of Hopf C*-algebras we will consider here are the ones admitting faithful Haar 
measures. 

Let us first concentrate on the problem of the injectivity of the maps Ti and T 2 . Clearly we 
have the following result. 

Proposition 5.9. Let (A, 0) be a pair of a C* -algebra A with identity and a comultiplication 
0. Assume there is a faithful state h on A which is both left and right invariant (i.e. (t 
h)(f>(a) = h(a)l and (/i0i)0(a) = h(a)l for all a G A), then the maps T\ and T 2 are injective 
on A 0/> A. 

Proof. Let x G A 0^ A and assume that Ti(x) = 0. Now observe that for all a G A, u G A* 
and p,q G A 

(h a;)(0(a)Tx(p q)) = (h u;)(0(ap)(l q)) = h(apu(q)) = h(a(i w)(j>® q)). 
By continuity we may conclude that 

h(a(i oj){x)) = (h a;)(0(a)Ti(x)) = 0. 
By the faithfulness of h we get (t oS){x) = for all uo G A*. So rr = 0. ■ 
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This is the case of a compact quantum group with a faithful Haar measure. Remark that the 
Hopf *-algebra obtained as matrix elements of finite-dimensional unitary corepresentations 
will be (properly) contained in the algebra that we obtained previously in this section and 
that of course the counit and antipode, when restricted to this Hopf *-algebra gives the 
counit and the antipode of the Hopf "-algebra. 

This proposition indicates the relation between the faithfulness of the Haar measures and 
the injectivity of the maps T\ and T 2 . Unfortunately, in the general case, where we have to 
work with weights (instead of states), the situation is much more complicated. 

We will use chapter 1 of Jl2| as a reference for weights on C*-algebras and use freely the 
notations and results introduced there. If <p is a weight on a C*-algebra A we will use the 
notation M v = { x G A \ (p(x*x) < oo } and M. + = { x G A + \ ip(x) < 00 }. We use the 
abbreviation l.s.c. for lower semicontinuous. As an analogue for the left invariance of a 
measure we introduce the following: 

Definition 5.10. Let A be a C* -algebra and cf) a comultiplication on A. A weight tp on A is 
called left invariant if <p((uj (g) t)(j)(a)) = ip(a)u(l) whenever a G M.^ and uo G A* + . 

Once we have a left invariant weight on a Hopf C*-algebra (A, <fi) we can construct elements 
in Aq. The result we obtain is closely related to proposition |5.6| : with this left invariant 
weight one can also construct the left regular corepresentation W and then the elements in 
Aq given in the following proposition are of the form (1 £g> u)(W). Nevertheless we cannot 
simply apply proposition |5.6| because with the given assumptions it seems impossible to prove 
that W is a unitary (and not only a partial isometry) and that W belongs to M(A®Bq(H)). 

Proposition 5.11. Let (A, <fi) be a Hopf C* -algebra and suppose that tp is a l.s.c. densely 
defined left invariant weight on A. Then for every a,b G J\f v we have 

(i<g>y?)(0(a*)(l®£>)) G A 

and 

S({l ® ¥>)(0(a*)(l ® &))) = ® ¥>)((! ® a*)(f)(b)) e{{l ® <p)(<f>(a*)(l ® b))) = <p(a*b). 

When moreover {(1 <8> uS)<p{a) \ u G A*, a G A} spans a dense subspace of A and when ip is 
faithful, then A is dense in A. 



Proof. Let {H v , n^, A v ) be a GNS-construction for (p. Let be an orthonormal basis for 

Hp and define for 77 G H 9 the operator ^(A) = Xn for A G C. Now we will use the map l^A^ 



introduced in proposition 1.26 of ||12|| . This map takes values in C(A, A ® H v ), the space of 
adjointable maps between the Hilbert A-modules A and A ® H^. Of course, for a G M(A) 
and b G we have {i®h. tp ){a® b)(x) = ax®h v (b) for all x G A, but it is possible to extend 
L^K^ to a much larger domain, see |r2"| . Then one has (t®A tp )(y)*(L^A ip )(x) = (t<^<p)(y*x) 
for all x and y in the domain of 1 ® A v . With the help of this we define 

p* = (1® 91){l® AyMa) and g< = (1 ® 0£.)(i, ® A v )(f)(b). 
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Then p i: G C(A) = M(A) for all % G /. But if we fix % G / we can approximate in norm 
by elements of the form 

(l®^(,))(^A v )0(fe) 

with x G Af v . This equals (i ® yA((l ® an d hence belongs to A by 2.5 in fll2"l . So 

Pi, G A for all i 6 /. Now consider the net 

Y^PiPl = ((t® A^)0(a))*(l®^%^)(i® A^)0(a). 



This net is strictly convergent to 

((i (g) A v )0(a))*(t ® A v )0(a) = (t ® (p)(f)(a*a) = ip(a*a)l. 

" we can 



Analogously ^2 ieI q*qi is bounded and strictly convergent. So by proposition |1.15 
define, with strict convergence 



x = 

iei 



^2,Pi®qi G A ® mh A. 



Then we get 

T 1 (x) = J]0(pj)(l®g i 



= £](t g> t ® A^)(0 (2) (a))*(l ® 1 ® ® t ® A v )(l ® (f>(b)) 

iei 

= (L®L®<p)(<f)( 2 \a*)(l®(j>(b))) 
= (t®^)(0(o*)(l®6))® 1 

by left invariance. All these manipulations are very rigorous when interpreted in the sense 
of Jf^]. So we may conclude that (t (g <£>)(0(a*)(l <g> 6)) G A . Then we can make analogous 
computations as above to get the stated formulas for S and e. 

Assume now the extra conditions stated in the proposition. Let /i G A* such that //(a) = 
for all a G A . By the Hahn-Banach theorem it is enough to prove \x = 0. By the result 
above we have (p((fi ® t)<p(a*)b) = for all a, & G A/^. Because if is faithful we conclude that 
(// (g t)(f)(a*) = for all a G A/^ and hence for all a G A by density and continuity. Then we 
get fj,((i (g u>)cj)(a)) = for all a G A and u G A*. By the assumed density we get // = 0. ■ 

The density of A implies that the range of Ti on A ®a A is dense in A (g A. And this implies 
that 0(A) (1 <g> A) is dense in A <g> A. On the other hand, the density of 0(A) (1 <g> A) in A <g> A 
will imply that {(t ig u;)0(a)|u; G A*, a G A} will be dense in A (g> A. So we find that under 
the given circumstances, these two density conditions are in some sense equivalent. 

A similar result holds when there is a right invariant weight and this will give the density of 
A' . 



If moreover the left or the right regular representation is unitary, it will follow from 5.8 that 



also A fl Aq n Aq is dense in A. This is the case when (A, <p) is a locally compact quantum 
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group in the sense of |TT] and |T^] , see proposition |5.13| . Roughly speaking, a locally compact 
quantum group is a pair (A, <f>) of a C*-algebra A with a comultiplication <fi such that the 
spaces 4>(A) (1 ® A) and </>(A)(v4 <g> 1) are dense m A® A and such that there exist left and 
right invariant faithful l.s.c. weights that are KMS. 

However, to obtain the density of A fl Aq H A' in A, one can do with weaker assumptions. 
We have the following result. 

Proposition 5.12. Let {A, (ft) be a Hopf C* -algebra. Assume there is a densely defined left 
invariant l.s.c. weight and a densely defined right invariant l.s.c. weight ip. Then, for all 
a,b G Af v and c,d G Af^ we have that 

x:= (iJj®l® cp)((c* ® 1 <g> l)0 (2) (a*d)(l <g> 1 ® 6)) 

belongs to A C\ A C\ A' and e(x) = if)(c*d)p(a*b) and 

S(x) = (V> ®u ® (p)((c* <g> 1 ® l)0i3(a*c?)0 23 (6)) 

= g> 4 ® ^)(012(c*)0l3(o*d)(l ® 1 <g> &)) 

= (ip ® 4® ^)(0 12 ( C *)0 (2) (a^)0 23 (&)). 

Proof. Again, as in the proof of the previous proposition, we will use the results of chapter 1 
of |L2| . Implicitly a lot of weight theory techniques that appeared in that paper will be used. 



Also remark that a more elementary but very long proof for this result is given in So 
we can consider 

(A^ <g> i <g> i)(<p {2) (d)) G C(A ®A,H^®A® A). 
If now T G C(A ® A, ® A® A) it is possible to define 

(t ® i ® 7r v )(T) G £(A ® fl^, fl^, ® A® H v ) 

such that 

(t ® t ® ^)(T)(a ® 7^(6)$) = (t®t® 7i>(-)0( T (° ® &)) 

where 

(i ® i (8) vr v (-)^)(?7 (g)x®y) = r]®)x® 7i>(?/)£. 
This should not be too surprising. If 77 G fl,/, we have on the one hand 

® ^((fl* ® 1 ® 1)T) G M(A ® fl (fl v )) 

and on the other hand 

(0* ® 1 ® l)(t ® t ® 7r v )(T) G £(4 ® fl^) 

and this agrees with the usual identification of M(A ® B (H V )) and £(A ® fl^). So we can 
consider the element P G £(A ® fl^,, fl^, ® A) given by 

P = [(tt^ ® t® t)(t ® i ® A^)(0 (2) (a))]*[(i ® i ® tt^)(A^ ® t ® i)O (2) (0)]- 
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Now let (e-j)j£j and (fi)i£i be orthonormal bases for and respectively. Define for 
i G I and j G J: 

% - = (0}.®l)P(l®0 e ,). 
Then we have that G £(A) = M(A). But for x G A/^ and y G N$ we have 

(0^ (2/) ®l)P(l®A^(x)) 

= [(7ty®4® 4)(4®4® A v )(0 (2) (a))(^ fe) ® 1)]* 

[(t ® t ® 7T^)(A^ ® I ® t)(0 (2) (rf))(l ® 0A v (a))] 

= (A^, ® 4 ® A v )(0 (2) (a)(y ® 1 ® 1))*(A^ ® t ® A^)(</> (2) (d)(l ® 1 ® x)) 

= (V> ® 6 ® ® 1 ® l)0 (2) (a*^)(l ® 1 ® x)) 

= (ip ® t) ((y* ® l)0((i ® yj)(0(a*d)(l ® x)))) . 

By the results of [[12] one has (4®<^)(</>(a*(i)(l®x)) G A/^ and so the expression above belongs 
to A. Then we get G A for all z and j. From its definition it follows now immediately 
that (qij)i e i t j e j is a bounded matrix over A. Define also 

Pi = {0% ® 1)(A* ® r, = (l ® 9* e .)(t ® A^)(0(6)). 

As in the proof of the previous proposition we get J2ieiPiPi an d S je j r j r i strictly converging 
and bounded. But then we have for any u,v G A that 

«Pi ® ® r 3 -i; 



converges in norm in A ®/ l A <S>h A, because for Iq C I and Jo C J finite we have 



1/2 



V upi (g) q i:j (g) rjv < V^upip*u* ||(?y)iG/jGj|| E 
I /» ll' ll' 



v*r*rjv 



1/2 



In order to apply T to this we have to realize that (use the abbreviation 4 4 for 4 eg) 4 ® 4 ® 4) 

Then it is not too hard to see that with strict convergence 
(Pi ® 1 ® !)0 (2) (%')(! ® 1 ® r y ) 
= [(^ ® 4 4 )((4 4 ® A v )(0( 4 )(a)))(A v , ® 4 3 )(0 12 (c))]* 

[(. 4 ® 7T V )((A^ ® , 4 )(0( 4 )(d)))(, 3 ® A^)(034(&))] 

= (A^ ® 4 ® 4 ® 4 ® A v )(0 (4) (a)0 12 (c))*(A^ ® 4 ® 4 <g> 4 ® A^)(0 (4) (d)0 45 (fe)) 

= (if) ® 4 ® 4 ® 4 ® ^)(0i 2 (c*)^ (4) (a*rf)0 45 (&)) 

= (V> ® t ® i ® t ® y)(0 ® 1 ® 0)((c* ® 1 ® l)0 (2) (a*rf)(l ® 1 ® b)) 

= 1 ® (^ ® 4 ® </?)((c* ® 1 ® l)0 (2) (a*rf)(l ® 1 ® &)) ® 1 

= 1 ® x® 1. 
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So we get indeed that x G A and for all u, v G A we have 



Because we can write x = (i ® <p)(0((^> (g) 0(( c * ® l)0(a*d))) (1 (g) 6)) and because (-0 ® 
t)(( c * ® G A/"* we get x G A Q by the previous proposition. Analogously x G Ag. 

The formulas to be proven for S(x) can be obtained from proposition |4.5| with a similar 
calculation as above. ■ 

We finish this section by the following result: 

Proposition 5.13. If (A, <ft) is a (reduced) locally compact quantum group in the sense 
of and fin\J , then (A,<p) is a Hopf C* -algebra and the space A C\ A C\ A is a core 
for the antipode obtained in the theory of locally compact quantum groups. 

So, in particular the discrete and compact quantum groups will be Hopf C*-algebras and 
also the C*-Kac algebras will be. 



Proof. We use of course the notations and conventions from [11] and [12|. So let (A, (p) be a 
reduced locally compact quantum group. We let A act on the Hilbert space H, which is the 
GNS-space of the left Haar weight (p. We first proof that (A, cf>) is a Hopf C*-algebra. We 
will work along the same lines as in the proof of proposition |5.3| . Let W G B(H ® H) be the 
multiplicative unitary associated with (A, (ft) and observe that for any uj G 13(H)* and any 
y G A we have 

y(u <g> ^(WTxip ® q)) = y(uo ® t)((l ® p)W(l ® q)) = py(u ® t)(W)q. 
We can define for any z G B(H) a bounded map M z from A ®h A to B(H) such that 

M z (p® q) — pzq 
for all p.q G A. Then it is clear that for any x G A ®h A the map 

z ^ M z (x) 

is strongly continuous on bounded subsets of B(H). Let now x G A ®h A and suppose 
T\{x) = 0. Then it follows from the computation above that M z (x) = for all z of the form 
y(uj ® l)(W), with y G A and uj G B(H)*. Now we claim two things. First, the closed linear 
span of { ya | y G <L4 J , a G A } is a C*-algebra that acts non-degenerately on H . Secondly 
this C*-algebra is strongly dense in B(H). Here J denotes the modular conjugation of the 
weight if, and so JAJ C A'. After these two claims have been proven we may conclude that 



M z (x) = for all z G B(H) and exactly as in the proof of proposition ^]3| this is enough to 
conclude x — 0. 

To prove the first claim denote the stated closed linear space by L. It is then enough to 
prove that for all u,/jG B(H)* 

(H ® l)(W)J(l ® uo){W)J G L. (8) 
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But this expression equals 

J{p® l){W*)(l®u){W)J 



where p(x) = fi(JxJ) and j is the modular conjugation of the dual weight (p. Here we used 
the equality W( J ® J) = (J ® J)W*. Now observe that 

( P ®l)(W*)(l®u)(W) = (p®L®co)(W* 2 W 23 ) 

= (p ® l ® uo){W l3 W 23 W* 2 ) 

where we used the pentagon equation W / i2W / i3H / 23 = W 23 W\ 2 . So we get 

{p® t)(W*)(i® u)(W) G Closed span{(p ® i ® u)(W 23 W? 2 ) \ p,u G B(H)*} 

= Closed span{xy x6i,j/6 A}. 

Hence we can conclude that the expression in |8| belongs to the closed linear span of 

{JxyJ | x G A, y G A} = {JxJ JyJ \ x G A, y G A} = L 

because JAJ = A. So we have proved the first claim. 

To prove the second claim first observe that A" n A' — CI. If x G A" n A' then 

= W*(l ® x)W =l®x 

because W G M(A ® A), and with the extension of <f> to the von Neumann algebra A" . 
But this implies x G CI. By taking the commutant we get {JAJ U A)" = B(H) and from 
this follows the second claim. So we have proven the injectivity of T\. 

The injectivity of T 2 follows easily by using the unitary antipode R. Just observe that for 
p, q G A 

X {R ® R){T 2 {p ® q)) = T x (x{R ®R){p® q)) 
where x denotes the flip map extended to M(A ® A). Because R is an anti-automorphism 



of A we can extend x(R ® R) to an isomorphism of A ®h A (compare to proposition 1.14 ). 
Then the injectivity of T 2 follows from the already proven injectivity of T\. 



From proposition 8.3 in |L2| it follows that {(l®uj){W) \ u G B(H)*} is a core for the antipode 



of the locally compact quantum group (A, (j)), which we shall denote by S±. Because S\ is 
an anti-homomorphism also the linear span of the products of two such elements will give 
a core. It is not hard to finetune the proofs of propositions 5.33 and 5.45 in [12j to obtain 



that Aq is a subspace of the domain of Si. All these remarks, together with proposition |5]8 
give that A fl A fl A' Q is a core for Si. ■ 

Finally remark that we have, in case of a locally compact quantum group, that both A and 
A' are subspaces of the domain of Si and Si coincides with S and S' on respectively A and 
A'q. In particular S and S' coincide on A fl A' , although in the general situation we could 
only prove this on A fl A fl A' . 
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5.4 Further examples 



Combining the results of [25 and || one gets that Woronowicz' quantum E(2) group is a 
locally compact quantum group in the sense of |TT| and [TJ|] and hence is a Hopf C*-algebra. 
Also the quantum Heisenberg group will be a Hopf C*-algebra because it is even a C*-Kac 
algebra. 

Finally the Kac systems of [[| give rise to Hopf C*-algebras and this can be proved com- 
pletely analogously to proposition p.l'6\ This provides us with nice examples as the quantum 
double of a locally compact group and the quantum Lorentz group as studied by Podles en 
Woronowicz in Jl7 . 



References 

[1] E. Abe, Hopf algebras. Cambridge Tracts in Mathematics, 74 Cambridge University 
Press, Cambridge (1980). 

[2] S. Baaj & G. Skandalis, Unitaires multiplicatifs et dualite pour les produits croises 
de C*-algebres. Ann. scient. Ec. Norm. Sup., 4 e serie, 26 (1993), 425-488. 

[3] S. Baaj, Representation reguliere du groupe quantique des deplacements de Woronow- 
icz. Asterisque 232 (1995), 11-48. 

[4] D.P. Blecher & V.I. Paulsen, Tensor Products of Operator Spaces. J. Fund. 
Anal. 99 (1991), 262-292. 

[5] D.P. Blecher, Tensor Products of Operator Spaces II. Can. J. Math. 44 (1) (1992), 
75-90. 

[6] E.G. Effros, J. Kraus & Z.-J. Ruan, On two quantized tensor products. In 
Operator algebras, mathematical physics, and low dimensional topology., ed. R. Herman 
et al, A.K. Peters. Res. Notes Math., Boston, Mass. 5 (1993), 125-145. 

[7] E.G. Effros & Z.-J. Ruan, Self-Duality for the Haagerup Tensor Product and 
Hilbert Space Factorizations. J. Fund. Anal. 100 (1991), 257-284. 

[8] M. Enock & J.-M. Schwartz, Kac Algebras and Duality of Locally Compact 
Groups. Spring er-Verlag, Berlin (1992). 

[9] M. Enock & J.-M. Vallin, C*-algebres de Kac et algebres de Kac. Proc. London 
Math. Soc. (3) 66 (1993), 619-650. 

[10] A. Klimyk & K. Schmudgen, Quantum Groups and Their Representations. 
Springer- Verlag, Berlin (1997). 

[11] J. Kustermans & S. Vaes, A simple definition for locally compact quantum groups. 
CR. Acad. Sci., Pans, Ser. I, 328 (10) (1999), 871-876. 



49 



[12] J. KlJSTERMANS & S. Vaes, Locally compact quantum groups. Preprint University 
College Cork, KU Leuven (1999). 

[13] T. Masuda & Y. Nakagami, A von Neumann algebra framework for the duality of 
the quantum groups. Publ. RIMS, Kyoto University 30 (1994), 799-850. 

[14] C.-K. Ng, Coactions and crossed products of Hopf C*-algebras. Proc. London Math. 
Soc. (3) 72 (1996), 638-656. 

[15] G.K. Pedersen, C*-algebras and their automorphism groups. Academic Press, Lon- 
don (1979). 

[16] J. -P. Pier, Amenable locally compact groups. Pure & Applied mathematics, John 
Wiley, New York (1984). 

[17] P. PODLES & S.L. WORONOWICZ, Quantum deformation of Lorentz group. Commun. 
Math. Phys. 130 (1990), 381-431. 

[18] M. TAKESAKI, Theory of Operator Algebras I. Springer- Verlag, New York (1979). 

[19] S. Vaes, Hopf-C*-algebra's. Masters thesis, KU Leuven (1998). 

[20] J.-M. Vallin, C*-algebres de Hopf et C*-algebres de Kac. Proc. London Math. Soc. 
(3)50 (1985), 131-174. 

[21] A. Van Daele, Multiplier Hopf Algebras. Trans. Amer. Math. Soc. 342 (1994), 917- 
932. 

[22] A. Van Daele, An algebraic framework for group duality. Adv. in Math. 140 (1998), 
323-366. 

[23] A. Van Daele & Y. Zhang, Corepresentation theory of multiplier Hopf algebras I. 
Preprint KU Leuven (1997), to appear in Int. J. Math. 

[24] S.L. Woronowicz, From multiplicative unitaries to quantum groups. Int. J. Math. 
Vol. 7, No. 1 (1996), 127-149. 

[25] S.L. Woronowicz, Quantum E{2) group and its Pontryagin dual. Lett. Math. Phys. 
23 (1991), 251-263. 



50 



